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PREFACE. 



The present book is the outgrowth of a long-felt 
personal need and the hope that a concise and ele- 
mentary statement of the general principles of Crys- 
tallography may prove acceptable to other students 
than those of mineralogy. 

To both chemists and physicists the subject is 
important, although the information in regard to it 
embraced in text-books and lectures on chemistry and 
physics is usually inadequate. Crystals are constantly 
employed as a means of purifying, recognizing and 
tracing the relationships between chemical compounds 
of all sorts ; their genesis and growth offer interesting 
problems in molecular physics, and their completed 
forms furnish material for the study of elasticity, co- 
hesion and the propagation of various forms of radiant 
energy. 

To the geologist in every field, as well as to the 
mining engineer. Crystallography is the starting-point 
to a knowledge of mineralogy, while to the student of 
petrography an acquaintance with crystal form and its 
relation to the optical properties of crystals is indis- 
pensable. 

Considerable experience has convinced the writer 
that Crystallography, in its simplest form, is well 

iii 



iv PREFACE. 

calculated to arouse the student's interest for its own 
sake, and that it may with advantage be incorporated 
into many courses where detailed instruction in miner- 
alogy is impossible. This book is not intended as 
a complete treatise, but merely to furnish so much in- 
formation on the subject as may be of service to 
students of other but allied branches. It is, however, 
hoped that it may also be of use as a skeleton for a 
more exhaustive presentation of the entire subject 
when such is desirable. 

Such a purpose as this is sufficient excuse for the 
omission of much that is of cardinal importance to 
Crystallography as a whole. Mathematical treatment, 
the formulae necessary for the calculation of constants 
and symbols from measured angles, the application 
of spherical projection, and all descriptions of the 
construction and manipulation of crystallographic in- 
struments must be sought for in larger works, whose 
titles are given. 

Those methods of presentation which experience has 
shown to be most readily grasped by the beginner 
have been throughout preferred to those which ad- 
' yanced workers may consider more elegant and satis- 
factory. The symbols of Weiss are taken as a starting- 
point, since they most clearly indicate the position of 
a plane with reference to the crystallographic axes. 
The shortened form of these symbols, suggested by 
Naumann, has been generally employed, although 
Miller's index symbols are written beside them, in 
order to familiarize the student simultaneously with 
both of these methods of notation. Naumann's sym- 
bols have been preferred to those of Dana, because of 
their more general use in works on crystallography 
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and mineralogy ; and because, to any one familiar with 
Naumann's, Dana's symbols can present no difficulty. 
In subject-matter this little book makes no claim to 
originality. It is only an attempt to present to English 
students a clear and concise statement of the results 
secured by others. In plan and illustration, the ad- 
mirable treatise of Groth (Physikalische Krystallo- 
graphie, Leipzig, 1885) has been freely used. Sug- 
gestions and figures have also been taken from other 
sources whenever possible. My grateful acknowledg- 
ments are especially due to my friend Professor S. L. 
Penfield of New Haven, to whose generous advice and 
suggestion any value which this book may possess is 
in no small degree due. 

Baltimorb, July, 189<X 
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CHAPTER L 

CRYSTAL STRUCTURE. 

The CrystaL All chemically homogeneous sub- 
stanceSy when they solidify from a state of vapor, fu- 
sion, or solution, tend to assume certain regular poly- 
hedral forms. This tendency is much stronger in 
some substances than in others, and it varies widely 
in the same substance under different physical condi- 
tions. 

The regularly bounded forms thus assumed by 
solidifying substances are called crystals,* Their 
shapes are directly dependent on the nature of the 
substance to which they belong, and they are there- 
fore valuable for its identification, like any of its physi- 
cal properties. 

Crystal forms have been particularly useful as a 
means of recognizing and classifying the mineral 

* This term, which we now apply to all of these forms, was used 
by the aDcients exclusively for crystallized silica or quartz, in allu- 
sion to the then accepted idea that this substance was ice rendered 
pennaneDtly solid by the action of intense cold. (Greek, KfjixTraX- 
Xoi, from Kpvoi, frost; Latin, crystallus.) This theory was still ac- 
cepted by Paracelsus, and was not combated until the beginning of 
the seveDteeoth century. 
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substances which compose the earth's crust; and 
hence an accurate knowledge of their geometrical and 
physical properties has long been considered as in- 
dispensable to the mineralogist, geologist, and mining 
engineer. Now, however, such a knowledge is hardly 
less useful or necessary to the chemist or physicist, 
irrespective of any interest he may have in the min- 
erals and rocks. 

The regular external form of a crystal is its most 
striking feature, and the only one that, for a long 
time, was regarded as important or essential. But 
we now know that this form is only an outward expres- 
sion of a regular internal structure. A study of the 
physical properties of a crystal aids us very much in 
properly understanding the meaning of its external 
form. 

If we examine ordinary homogeneous substances 
which are not crystals in regard to their physical prop- 
erties, such for instance as their elasticity, hardness, 
cohesion, light-transmission, heat-conduction, etc., we 
find that these are equal in all directions. Thus a 
piece of glass, when struck, will break with equal 
readiness along all surfaces, and it will exhibit an 
equal degree of hardness wherever it may be 
scratched. 

With crystals, however, this is not true. In them 
we find differe/tvces of elasticity, hardness, cohesion, and 
other physical properties, which do not exist in homo- 
geneous substances which are not crystals. As the 
result of long study by many eminent observers, the 
fact has been established that the distribution of physi- 
cal properties, like those above enumerated, ts, in 
trystala, eqtud along aU paraJld directions, while, with cer- 
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tain exceptions J it is unequal along directions which are not 
parallel. This important fact gives us the clue to the 
essential nature of the crystal; for it implies that 
both the regular external form and the distribution of 
physical properties are alike directly the outcome of 
some regular internal structure. We may make a glass 
model of exactly the same shape as a crystal, but it is 
not a crystal, in spite of its form, because the necessary 
internal structure is absent. 

Crystallograpliy. In its broadest sense this term re- 
lates to the scientific description of crystals in all their 
aspects. This wider usage, however, naturally falls 
into three subdivisions — geometrical or morphological, 
physical, and chemical crystallography. Of these three 
subjects only the first, for which the general term 
crystallography is still in a stricter sense reserved, is 
embraced within the scope of this book. 

The regular forms exhibited by crystals were made 
a subject of elaborate study, before the distribution 
of their physical properties received attention. In 
this way these forms were found to obey certain laws 
which rendered their mathematical treatment and 
classification possible. Hence the science of geomet- 
rical crystallography developed quite independently. 

Now, however, that physical crystallography has 
shown the complete accord between the forms and 
physical behavior of crystals, as well as the direct de- 
pendence of both on a regular internal structure, we 
must, if we would fully appreciate the real significance 
of crystal form, first discover what we can of the na- 
ture and mode of arrangement of the crystal particles, 
themselves invisible. 

The Elementary Crystal Particles. The modern con- 
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ception of matter is that it is composed of ultimate 
particles, called atomSy which are always in a state of 
intense vibration, and which are separated from each 
other by distances vastly greater than their own diam- 
eters. The number of kinds of these atoms is com- 
paratively small, but by uniting into groups of varying 
size, composition, and arrangement (called chemical 
molectdes), they are capable of producing all the variety 
of substances which compose our material world. 

It is not improbable that, as the ultimate elements 
of matter (the atoms) unite to form chemical mole- 
cules, so these, in their turn, may unite to form groups 
of a higher order, called physical molecules. The 
former may be thought of as comparable to our solar 
system, composed of individual planets which are 
united to a single group by the attraction of gravi- 
tation, while at the same time the solar system as a 
whole is but a single unit in a vastly larger group of 
systems, which is held together by the same attractive 
force. 

The chemical molecule is the unit of svbstancey be 
cause we cannot imagine it to be divided without alter- 
ing the substance. The physical behavior of crystals 
also necessitates units of striwture, or elementary par- 
ticles by whose regular arrangement the crystal is built 
up. As such units we may assume the physical mole- 
cules ; and, for this purpose, it is immaterial whether 
they are different from the chemical molecules or not. 

Whatever the true size and nature of these crystal 
units (crystal molecules, physical molecules *) is, we 

* The word molecule, as used in the following pages of Ibis book, 
should be understood as always referring to the physical and not to 
the chemical molecules. 
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can, for all purposes of explaining crystal structure, 
regard them as points (their centres of gravity) sur- 
rounded by ellipsoids or spheres whose size and form 
represent the sum of all the various attractive and re- 
pellent forces inherent in the molecules. All the crys- 
tal molecules of the same chemical substance under 
the same conditions must be identical in size, shape, 
and in the distribution of forces ; for different sub- 
stances they must be different, while for the same sub- 
stance under different conditions they may or may 
not be different. 

Mode of Molecular Arrangement in Crystals. If the 
crystal elements or physical molecules of a given 
substance possess the same size and the same attrac- 
tive forces, then, in case these molecules are perfectly 
free to act and react upon each other, they must all 
assume a similar position relative to one another, i.e., 
such a position that equivalent directions of attraction 
and repulsion in all the molecules shall be parallel. 

To illustrate this, let us assume, as the simplest pos- 
sible case, that the distribution of attractive forces in 
the physical molecules of a certain substance is equal 
in three directions at right angles. Then such a mole- 
cule may be graphically represented by Fig. 1, where 
the three equal and perpendicular dotted 
lines represent the intensity and direc- 
tion of the attractions inherent in the ** p-v ^ 

molecule. Now if a great number of I 

similarly constituted molecules of this -J- 

kind are gradually approaching, while 
their forces are entirely free to react upon each other, 
they will finally arrange themselves in parallel posi- 
tions, and at equal distances, corresponding to the cor- 
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ners of a cube. Fig. ! 



-£^i 



If we coaceiTe of an arrange- 
ment like this &» indefi- 
nitely extended, we see 
that the grouping cAout 
any mdlecvle ■must he tke 
same as about every other; 
and. also that the arrange- 
ment of molecvlee in all 
paraSd planes, and ojUmg 
aU paraSd lines, invst he 
the same. This is still 
more distinctly seen in 
Fig. 3, where the distribution of molecules along the 
line 6, c, a, is evidently diflferent from that along c, b, a„ 
or a, a, a, ; so also the ar- 
rangement of molecules in 
the plane e, a, e, is different 
from that in the plane (■?,«, c,c„ 
etc.; while in parallel planes, 
like a, a,a,a^, 6, &, i, h, , etc., 
the grouping is the same. 

No arrangement of mole- 
cules, in which they are not 
similarly distnbuted in all 
parallel directions, or where 
the grouping is not the same 
y^^; -.-^--^Mz p®"» about each, can be regarded 
^ "i " *■/ ° as possible in a crystal. 

'■"■'■ Thus the study of crystal 

structure becomes an investigation of the possible 
networks of points in space which satisfy these condi- 
tions. This problem has been dealt with by various 
writers, especially by Sohucke, who linds that all such 
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arrangements which are possible (sixty-six in num- 
ber) fall naturally into groups whose symmetry cor- 
responds with that of the systems to which all crystal 
forms belong.* 

Crystalline and Amorphous Substances. Tf the passage 
of a chemically homogeneous substance from the 
gaseous or liquid into the solid state is too rapid to 
allow of the perfect action of the attractive and re- 
pellent forces upon each other, the crystal molecules 
may become fixed while their parallel orientation is 
still incomplete or even while it is wholly wanting. 

Many substances show by their physical properties 
that they possess no regularity of molecular structure 
whatever. Such substances never exhibit character- 
istic polyhedral forms, and are therefore said to be 
amorphous. Substances which are only known in the 
amorphous state are usually of indefinite chemical 
composition, like coal, amber, or opal. Definite chem- 
ical compounds almost always possess some power to 
crystallize, though certain usually crystallized sub- 
stances may be made to assume an amorphous form by 
very much accelerating their rate of solidification, e.g., 
many silicates, when fused and rapidly cooled, form a 
glass. The real difference between amorphous and 
crystalline substances is therefore internal and molec- 
ular. A fragment of quartz and a fragment of glass 
may to all external apj^earances be quite alike, but 

♦Those desiring further information on this subject should con- 
sult the works of Frankenheiin, Bravais, Sohncke, Groth, and Walff, 
cited on p. ix. 

Sohncke has recently been led to extend his original theory by the 
assumption that, in certain cases, there may be in a single crystal 
two or more interpenetrating networks like those above described. 
(Zeitschrift fUr Krystaiiographie, vol. xiv. p. 426; 1888.) 
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they still possess important internal differences. In 
the former the elasticity is equal in parallel directions 
and different in directions not parallel, while in the 
latter the elasticity is equal iu all directions.'* In the 
former the molecular arrangement is regular ; in the 
latter quite irregular. 

If we symbolize the physical molecule by a sphere 
with all of its attractive and repellent f<irces resolved 
into three directions not at right angles to one another, 
the position of such molecules in different states of 
matter may be grftphically represented by the follow- 
ing four diagrams. Fig. 4 shows the spheres so widely 
separated as to be wholly without each other's iuflu> 
ence and therefore free to move iu any direction, as 




in a gas or liquid. Fig. 6 represents a solid state, 
where each molecule is free to move only within its 
own sphere of attraction, the position of this being 
conditioned by those of the surrounding molecules. 
In this case the orientation of the molecules is com- 
plete, as in a simple cryHtal. Fig. 6 illustrates another 
solid state where the orientation is only partial, as in 
the case of twin crystals. Here the molecules of each 

• This property of amorphous bodies does not, of course, apply to 
organized subalnncea, lilte wood, whicli are not slrlcily homo- 
geneous, nor tA olhers wliose differences io elasticity are due to ex- 
teroai stiuln, as in the case of unannealed glass. 
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horizontal row have two of their axes parallel with 
those above and below them, but not the third. Such 
a position would be reached by supposing the mole- 
cules of alternate rows in Fig. 5 to have been revolved 
180° about a normal to the plane of the paper. Fig. 7 
represents a solid state where there is no regularity of 
molecular orientation, as in the case of amorphous 
substances. 

Strength of the *' Crystallizing Force.'' The molecular 
forces which tend to produce a regular internal struc- 
ture in matter as it slowly solidifies exert themselves 
in varying degrees, both in different substances under 
the same conditions and in the same substance under 
different conditions. Such variations may be called 
differences in the strength of the " crystallizing force." 

This crystallizing force, while it probably exists to 
some degree in all substances of definite chemical 
composition, is so very weak in certain ones, like ser- 
pentine or turquoise, that their crystal form is not 
definitely known. That they really crystallize, and 
are not, strictly speaking, amorphous bodies, is shown 
by their optical and other physical properties, although 
conditions favorable enough for the production of their 
crystal form appear never to be fulfilled. 

Other substances, like some of the metallic sul- 
phides, rarely possess a well-defined crystal form. 
They commonly occur in what is termed the massive 
state, i.e., in crystalline aggregates which show little or 
no trace of crystal planes. 

Still other substances, like calcium carbonate (cal- 
cite), and silica (quartz), possess an intensely strong 
crystallizing force, and are rarely found except in well- 
defined crystals. 
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Mode of Crystal Growth. Crystals are distingnished 
from living organisms by the method of their growth. 
While the latter grow from within outward and are 
conditioned both in their form, size, and period of ex- 
istence by the internal laws of their being, crystals 
enlarge by regular accretions from without, and are 
limited in size and duration only by external circum- 
stances. 

Organisms must pass through a fixed cycle of con- 
stantly succeeding changes. Youth, maturity, and 
old age are unlike and must come to all in the same 
order. There is, furthermore, in nearly all living 
things a differentiation of organs, limitation in the ex-, 
tent of growth, and the power of reproduction. 

In crystals, on the other hand, every part is exactly 
like every other part. Our very definition of crystal 
structure is an arrangement of particles, the same 
about one point as about every other point ; hence, in 
one sense, the smallest fragment of a crystal is com- 
plete in itself. 

Moreover, since crystals grow by the addition of 
regular layers of molecules, arranged just like all 
other layers, we can set no limit to the size of a 
crystal, so long as the supply of material and condi- 
tions favorable to its formation remain constant. 
There is in fact the widest divergence in the size of 
crystal individuals of the same composition and striic- 
ture. Those of ultra-microscopic dimensions and those 
many feet in length may be identical in everything 
but size. Both are equally complete, and one is in 
no sense the embryo of the other. As a rule, the size 
of a crystal is inversely proportional to its purity 



CRYSTAL STRUCTURE. 



11 



and perfection of form, but this, as will be seen at 
once, is dependent on external conditions. 

Finally, the individual crystal, unlike the individual 
organism, will remain unchanged so long as its sur- 
roundings are favorable to its existence. 

Crystal Habit. Since the growth of a crystal is pro- 
duced by the addition of regular layers of molecules, 
then, if at any time this growth be interrupted, the 
crystal will be bounded by plane surfaces which rep- 
resent the position of such molecular layers. The par- 
ticular planes possible in any given case must there- 
fore depend upon the mode of molecular arrangement, 
and hence upon the chemical composition of the crys- 






Fio. 8. 



Fio 9. 



Fio. 10. 



tal. Nevertheless the number of planes possible on a 
crystal is very much greater than that which actually 
occurs in any single instance. It is reasonable to 
suppose that only planes passed through a regular net- 
work of molecules so as to intersect the same number 
at equal distances along all parallel lines are possi- 
ble crystallographic planes; while those planes \n\\ be 
of the most frequent occurrence which intersect, in 
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this way, the greatest number of molecules. Tlius we 
may liave crystals identical in composition and in all 
their physical properties, but bounded by very differ- 
ent sets of planes, all of which are equally possible 
with the same internal structure. Such differences in 
form among crystals of the same substance condition 
what is known as crystal hibit. 

The three preceding figures, 8, 9, and 10, represent 
crystals of calcium carbonate (calcite). The forms, 
though apparently so unlike, can all be shown to be 
derived from the same molecular arrangement. Each 
presents a combination of certain out of a great num- 
ber of possible planes, and therefore exhibits a par- 
ticular habit of a single substance.* 

* A graphic illustration of the molecular structure, as well as of 
the habit of crystals, may be advantageously employed, which, in 
principle, is not unlike the well-known figures of Hatty. If we 
represent the physical molecules by any small spherical bodies, of 
nearly the same size, like shot, we can readily see how it is possible, 
by the same arrangement of these, to build up different forms. A 
square of such bodies, arranged in parallel rows, may be taken as a 
starting point, and then by piling others upon them, as cannon-balls 
are piled, a symmetrical four-sided pyramid is produced. If the 
shot be made to cohere by dipping them in shellac, a similar j^yramid 
may be built up on the other side of the base, thus forming the 
regular octahedron. Again, if successive horizontal and vertical 
layers be taken away equally from each of the six solid angles of 
the octahedron, this form is seen to develop gradually into the cube, 
while the interior structure remains unchanged. Finally, we may 
use each of the six faces of the cube as a base for the erection of a 
quadratic pyramid, and thus the dodecahedron is formed, with a 
structure like that which produced the other two figures. 

Such models as these admirably illustrate how differences of habit 
may result from the same molecular arrangement, as well as how 
the planes of one form may replace the edges or angles of another. 
We have only to conceive of the shot as too small to be visible, and 
the surface produced by any layer becomes a crystal plane. 
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Exactly what it is that determines the habit of a 
.tal is not knowD. Crystals formed at the. same 
time generally exhibit the same habit, bat this is not 
alwaya the case. Doubtless many slight alterations 
in external conditions at the time of formation may 
be influential in tliis regard. Certain crystals possess 
different habits at different periods of their growth. 
In the case of transparent substances a core or kernel, 
bounded by different planes from those on the exte- 
rior of the crystal, is sometimes visible in the interior 
(German, KernkryataU). Fig, 
11 represents a calcite crystal 
of rhombohedral habit, from 
Mineral Point, Wisconsin, in 
the centre of which is l 
darker scalenohedron. Flu- 
orspar also shows this phe- 
nomenon. Experiments with 
many artificial salts appear fio. ii. 

to indicate that the presence of impurities in the con- 
centrated solution may be a moat important factor in 
conditioning the habit of crystals. For example, so- 
dium chloride may be obtained iu octahedrons, instead 
of the usual cubes, when crystallized from a solution 
containing sodium hydroxide. On the other hand, 
alum, which usually crystallizes in octahedrons, can 
be produced in the form of cubes from alkaline solu* 
tious. The habit of crystals of Epsom salts (magne- 
ainm sulphate) is also modified by tlie presence of 
borax in the solution. (See O. IJebniaun, Molecular- 
phjsik, vol. I. p. 300.) 

Aother most important variatiou in crystal habit 
llten produced by what is known as distorUon of 
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the form. While crystals are increasing in size by 
the addition of layers of molecules, it will rarely 
happen that the concentration of the mother-liqaor 
will be so evenly balanced on all sides as to make the 
growth equally rapid in all directions. Where the 
most material is supplied, there the growth will be 
most accelerated ; while the size of a given p^ane will 
be relatively diminished in proportion as it grows 
from the centre of the crystal. It thus happens that 
crystallographically equivalent planes vary much in 
size on the same individual, and that, in this way, the 
symmetry of a form is often completely disguised ; 
to restore it, all similar planes must be imagined 
as at the same distance from the centre. In this 
way an ideal form is derived from the distorted form. 
This is a matter of so much importance to the beginner 
that it may be made the subject of illustration. 




FlO. 12. 



Fia. 18. 



Fko. 14. 



The cubic crystal, Fig. 12, may grow most rapidly 
in one direction, becoming prismatic. Fig. 13 ; or in 
two directions, becoming tabular. Fig. 14, without losr. 
ing its character as a cube so long as its angles remain 
90°. f 

The symmetrical octahedron. Fig. 15, may beconie 
distorted, as in Fig. 16, or even flattened into trian- 
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gular plates, Fig. 17, as is frequently the case with 
alum crystals. 




Fig. 15. 



Fia. 16. 



Fio. 17. 



The next three figures, 18, 19, and 20, show the same 
combination of planes unequally developed on three 
crystals of quartz. 




Sto. 18. 



Fia.19. 



Ite. 20l 



The occurrence of ideal forms in nature is rather 
the exception than the rule ; hence the constructing 
in imagination of the symmetrical eqjiivalents of more 
or less distorted crystals becomes an important mat- 
ter for practice. For this purpose it is quite neces- 
sary that the student first familiarize himself with 
the ideal forms ; and crystal models, with which the 
study of crystallography must be commenced, are on 
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this account generally represented as symmetrical 
bodies.* 

Crystal Individuals and Crystalline Aggregates. That 
portion of a homogeneous crystallized substance whose 
molecular arrangement is throughout the same along 
all parallel lines, and which is bounded by its own 
characteristic plane surface, is called a crystal indi- 
viduaJ. Such an individual is not of necessity com- 
pletely bounded by crystal planes, since there is gen- 
erally a larger or smaller point of attachment to other 
crystals. There must, however, be enough planes to 
allow of the restoration of the complete form. Any- 
thing less than this is a crystal fragment or grain. 

The union of two or more crystal individuals pro- 
duces a crystal aggregate; while a mass of crystal 
grains, devoid of their characteristic forms and closely 
packed together, may be termed a crystalline aggregate. 



* Models, wbicb are of sucb prime importance in the study of crys- 
tallograpliy, are most cheaply and elegantly made in Germany. The 
principal forms in all systems are constructed of glass by F. Thomas 
at Siegcn in Westphalia. These show the position of the axes inside 
by colored threads, and are particularly valuable for demonstratlDg 
the derivation of hemihedral and tetartohedral forms as well as differ- 
ent methods of twinning. They are large enough to be well suited 
for class-instruction ; and. considering the perfection with which they 
are made, are furnished at a very reasonable price. 

Models of convenient size are accurately made of hard wood by 
various German firms. The best may be had of Krantz in Bonn, who 
will furnish collections of any required size. W. Apel of Gottingen 
also manufactures a small but useful set. Catalogues of all these 
firms may l)e had on application. (See also the price-list of crystallo- 
graphic apparatus at the end of Groth's Physikalische Krystallogra- 
ohie; 2d ed., 1885.) 

Canlboard models may be made by students by cutting out and 
t)ending into shape the outlines furnished by various authors. (See 
Kopp, Einleitung in die Krystallographie; 18C2. Atlas.) 
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This distanction may be made clearer by tlie two fol- 
lowing figures, 21 and 22. 




negates may fiirtlier be liomngmeotis and hetero- 
geneous, according as tliey are coiu'iosed of one uub- 
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stance with but one kind of molecular structure, like 
marble, or of two or more substances with difiereut 
internal structures, like granite. The subject of crys- 
tal aggregates is more fully treated of in Chap. IX. 

Limiting Elements of Crystals. With certain excep- 
tions to be explained beyond, all crystals have their 
limiting planes so arranged in pairs, that to every one 
there is a parallel plane on the opposite side of the 
crystal. 

The planes, or crystal faces, intersect in edges and 
angles, A crystal edge is the line of intersection of 
two crystal planes ; the angle which such an edge en- 
closes is called an inter/adai angle. By the term crystal 
angle is meant the solid angle in which three or more 
crystal faces meet. 

Similar edges are those in which similar planes in- 
tersect at equal angles ; similar angles are those en- 
closed by the same number of planes, similarly ar- 
ranged and meeting at the same inclination. 

It is convenient to remember that on all polyhe- 
drons, and hence on all crystals, the number of faces 
plus the number of solid angles is equal to the num- 
ber of edges plus two. 

Oeneral Principles of Crystallography. Before pro- 
ceeding to the descriptioii of the different groups or 
systems into which all crystal forms are classified, it 
will be necessary to consider certain common proper- 
ties which such forms possess. These are : 

1. Constancy of corresponding interfacial angles on 
all crystals of the same substance. 

2. Simple mathematical ratio existing between the 
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co-ordiDates of all planes wliicli are possible on crys- 
tals of the same substance. 

3. Symmetry. 

We may regard the expression of these common 
characters of crystals as the fwndam&nidl laws of 
crystallography, and their explanation will form the 
subject ot the following chapter. 



CHAPTER II. 

gen eli al principles of crystallography. 
1. Law of the Constancy of Interfacial Aholeb. 

Statement of the Law. JIouYver mttch the crystals of the 
atnne Hnhstunce may vary in In tint ami in the rdative size 
ami (levdopmcnt of siiniJar jianea, their ayrresponding in- 
terfacial anglefi remain coihstant in valne ; provided tfiaty 
frst, they possess identically the same chemical composi- 
tion, and, second, thit they are compared at the same 
temperature. 

This identity of coiTespoiuling angles on crystals of 
the same substance is clearly a necessary consequence 
of their possessing the same molecular structure 
under the same physical conditi(ms. It was, however, 
observed to be true long before crystals were thought 
to have any peculiar structure, and was first formu- 
lated by Steno in 1669. It was further substantiated 
by Home de I'lsle with a contact-goniometer in 1783, 
and finally established within a very small limit of 
error, after the invention of the reflecting goniometer 
in 1809. 

The importance of this law consists in showing that 
the exact values of crystal angles, even more than the 
particular shapes of the crystals themselves, are char- 
acteristic of the substance composing them, for these 
angles remain constant in spite of all the distortions 
to which the forms are subject (p. 14). 
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Indeed, they may serve to distinguish substances 
which are in all other outward respects quite identical. 
For instance, the angle 105° 5' is always included be- 
tween the cleavage faces of a crystal of calcium car- 
bonate, while the corresponding angle on crystals of 
magnesium carbonate is 107° 28'. 

The essential nature of the interfacial angles renders 
more intelligible the distortion of crystal forms de- 
scribed in the preceding chapter, since, in spite of 
a parallel shifting of the planes, the angles between 
them remain unaltered. 

Measurement of Interfacial Angles. In order to ascer- 
tain how far the law of the constancy of interfacial 
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angles holds good it is necessary to accurately meas- 
ure these angles. A knowledge of their exact values 
is furthermore requisite for any mathematical treat- 
ment of crystal forms. An instrument for measuring 
crystiil angles is therefore of prime importance in the 
study of crystallography, and is called a goniometer. 
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The simplest form of such an instrument, called a 
contact' or hand-goniometer, was first constructed near 
the end of the last century. It consists of two arms 
(Fig. 23), one of which revolves about a pivot fastened 
to the other, wliich may be set by a screw at any 
angle. These two arms are ajiplied to the two faces 
of the crystal whose interfacial angle is to be meas- 
ured, and, when as nearly in contact as possible, the 
screw is set and the angle read by placing the arms 
upon a graduated arc. Such measurements are not 
rclial)l(5 to within less than half a degree. They are 
chiefly valuable for large crystals whose faces are 
rough or unpolished. 

For accurate measurements of the interfacial angles 
of crystals we must have recourse to the reflection- 
goniometer, whose construction depends upon a princi- 
ple first made use of by WoUaston. The angle 
through which it is necessary to revolve a crystal 
about one of its edges, so as to successively obtain a 
reflection of the same object from the two planes 
whose intersection forms the edge, is equal to the sup- 
plement of their interfacial 
angle. 

Suppose (Fig. 24.) a ray of 
light come from L, and be 
reflected by the crystal 
plane AO to the eye at E. 
If now we can revolve the 
crystal about the edge be- 
tween the planes AO and 
^ ^' CO, the same reflection will 

be sent to the eye, stationary at E, from the plane 
CO, when it has been brought exactly into the position 




^Bf^ 
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of AO. In order to secure this, the crystal must ob* 
'.ioasly be revolved throngh tbe angle GOc, which is 
the supplement oi AOC, the interfacial angle required. 
For the successful application of this principle to 
practical meaaureraeat four tliiuga are necessary : 

1. The eye must be kept at the same point. 

2. The object reflected must be at a sufficient dis- 
tance to make the raja coming from it practically 
parallel. 

3. The edge to be measured must be parallel to tlia 
axis of revolution, and normal to the plane of the 
graduated circle upon which the angle is read. {Ad- 
justment.) 

4. This edge must also He exactly in the continua- 
tion of the axis of revolution. {Centering.)* 

2. Lav of the Siufle Uathehatical Ratio. 

Orystallogjaphic Axes. In order that we may be able to 

classify and compare the forms of crystals, we must 

have some ready and simple mode of expressing the 

" The deBcri[jtlon of Hie various forma of refleclion-gooionielera, 
togtllicr wUIi all llie deiuil of Iheir ixiDBtruclion and successful 
man 1 puts I ion, lies far beyoud tlio scope of [Lis book. For infonna- 
lioD 00 tills Biibjurt, the student niuy consult: 

E. 8. Dana, Text-book of Mineralogy; 3d ed., 1883; pp. 83-68 
and 115-118. 

P. Groih, Pbysibalische KryBlrtllographle; Sd cd., 1885; pp. 560- 
584. 

A good rcficction -goniometer is quite indlspenBnble to all who 
intend to do any special work in cryslallogiupby. The bosl, with 
buiiKontnl circles, are ni iinu fact u red by R. Fuess. 108 Alie Jakob- 
Bltaase, Berlin, at prices ranging from |80 to ^350, according to the 
COmplctcoeHS of their equipment. The most serviceable for aH 
ordinary purposes Is bis Model II. costing about f ISO. A much 
drnpler instrument with vertical circle, constructed on the old Wol- 
taatou plan, is made by Votgt A Uochgesang of Goitingtin. 



24 



OB7STALL0ORAPE7. 



^b- 



.—a 



IF- 



relative positions and inclinations of their planes. This 
is accomplished by referring them to systems of axes, 
according to the method of analytical geometry. 

The position of any crystal plane is thus fixed by and 
expressed in the relative lengths of its intercepts on 
the axes to which it is referred. The axes to which the 
planes of a crystal are referred, called the crystaUo- 
graphic axes, may be of equal or unequal length, and 
may intersect at either oblique or right angles. 

When the crystallographic axes are of unequal 
+G length, it is customary to 

designate the one which 
stands vertically by the 
letter c, the one which runs 
from right to left by 6, 
"*+^ and the one which runs 
from front to back by a. 
The two extremities of each 
axis are distinguished by 
the plus or minus sign, as 
shown in Fig. 25. If all 
three axes are of equal length, they are all repre- 
sented by a. If two are of equal o 
length, they are designated by 
a, and the third one by c. 

If the axial intersections are 
not rectangular, they are desig- 
nated by the Greek letters a, 
/3, and y, as follows : b ac = a, 
a A c = /?, and aAb = y. (Fig. 
26.) 

The planes in which two of the 
crystallographic axes lie are called awial or diametral 



Fio. 25, 




Fio. 28. 
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planes. They are the coordinate planes of analytical 
geometry, and divide the space within the crystal into 
eight sectants, called octants ; or, in one system where 
four axes are used, into twelve sectants, called rfode- 
cants. The axial planes are also sometimes called 
principal sections (German, Hauptschnitte). 

Parameters. The values of the intercepts of any 
crystal plane on the axes are called the parameters of 
the plane. They are expressed in terms of certain 
axial lengths which are assumed as unity. Sup- 
pose (Fig. 27) that ABC is a plane which intersects 
the axes X, Y, Z 
at their unit lengths. 
The position of any 
other plane, HKL^ 
is determined, if wo 
know the values Oi/, 
0^,and OX in terms 
of 0^0^, and OC. 

InthiBcase£?=2; 




OK 



OA 
OL 



Fig. 27. 



1 

2* 



j^ = 1 ; Yui = o • These quotients are the parame- 



OB^^' OC 

ters of the plane HKL. 

If we denote the axes X, F, Z by a, 6, and c, the most 
general symbol for any plane becomes 



7ia \ pb \ mc, 

where n, p, and m are rational quantities and the 
parameters of the plane. 

Since, however, any plane may bo thought of as 
shifted in either direction, so long as the relative value 
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of its intercepts remains the same (p. 14), one of the 
three parameters may always be made equal to unity, 
and the most general expression for any crystal plane 
becomes 

na : b : mc. 

Indices. The position of a crystal plane may be equally 
well expressed by employing the reciprocals of the 
parameters, which are called the indices. For purposes 
of notation these possess many practical advantages 
over the parameters, and are therefore quite generally 
used. We can readily see from Fig. 27 that the plane 

OA 

HKL may be located by the values A = ttw; 

h = 77^; ^ ^ njy where A, i, I are the reciprocals oi 

n, Pj m, the parameters. 

Statement of the Law. With the aid of these pre- 
liminary conceptions of what is meant by crystallo- 
graphic axes, parameters, and indices, we may for- 
mulate the law of tlie simple mathematical ratio (also 
known as the law of the rationality of the indices) as 
follows: Experience shows that only those planes occur 
on any crystal, whose axial intercepts are either infinite or 
small even mvltiples of unity. The ratio of intercepts 
on the same axis for all planes possible on the same 
crystal is therefore rational, and may be expressed by 
small whole numbers, simple fractions, infinity or 
zero.* 

* In certain cases disturbances during the growth of a crystal, or 
other causes not understood, produce surfaces whose intercepts are 
very large, if not almost irrational. Websky has called such faces 
vicinal planes. Their significance is not entirely clear, and their 
consideration lies outside of the scope of this work. 
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This law leads iis to the same resnlt as was reached 
by the preceding law of constaut interfacial angles, 
Tiz,, that every plane cannot occur on a given crystal. 
It brings us, however, the additional information that 
those planes which can occur must have rational axial 
intercepts. This law, like its predecessor, is a neces- 
sary deduction from a regular molecular structure, 
since it can be mathematically demonstrated that only 
those planes which possess rational indices satisfy the 
conditions of a possible crystal plane (p. 11.) Thus 
observation corroborates our hypothesis of molecular 
structure. 

Systems of Crystallograpliic Notation. Id order to 
compare crystal planes, we must be able to designate 
them by generally applicable systems of symbols. 
Many such systems have been devised,* but those 
now most generally employed aim to locate the posi- 
tion of each crj'stal plane with reference to the crystal- 
lographic axes, and are therefore based upon the use 
of either parameters or indices. 

Parameter System of Weiss. This is one of the oldest 
as well as one of the most easily understood of all 
systems of crystallographic notation. The three axes 
are written in the fixed order explained on page 24 : 
a : 6 : c if of unequal length ; a : a : c if two (then 
made the lateral axes) are of equal length ; or, a : « : a 
if all three are of equal length. To each axial letter 
is then prefixed the numerical value of its parameter, 



Those desiring a full description and comparison of all the dif- 

int systems of cryatnllograpliic notation which have been sug- 

geslcd. will And it in GoidHChmidfs Index dor KrystallformeD, 
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whenever this is not unity. In the most general 
symbol for any plane, na : pb : mCy it is customary 
to reduce the value of one of the two lateral axes, a 
or 6, to unity (p. 26) ; the parameter of c does not, 
however, l)ecome unity unless the parameter of one of 
the lateral axes is at the same time unity. For this 
reason, tlie most f^eneral symbol for any plane in the 
notation of Weiss is 7ia : ft : mc or a : rib : mc ; but not 
mi : 7nh : c. Henco tlie value of the parameter n can 
vary only between one and infinity, because which- 
ever of the lateral axes {a or ft) is the shorter is as- 
sumed as unity ; ?/i, on th(*. other hand, varies between 
zero and infinity, because it refers to the single axis c. 
For example, a plane whose axial intercepts were i on 
a, I- on 6, and 1 on c, would not be written ia : ^b : c, 
but l^ft : ft : fSc ; so again, a plane whose intercepts 
were 1 on a, i on ft, and ^ on c would be written, 
2a : 6 : |<j, etc. If all three axes are of equal length, 
and therefore interchangeable, none of the parameters 
ever becomes less than unity. 

Parallelism of any plane to a crystallographic axis 
is indicated by Weiss with the sign of infinity, oo , 
written in its proper place as a parameter. Thus the 
symbol of a plane parallel to the a axis, but cutting 6 
and c at unity, becomes oo a : 6 : c ; the symbol of a 
plane parallel to c and one of the lateral axes, becomes 
00 a : 6 : 00 c or a : oo 6 : oo c. Since, however, one of 
the two lateral axes must always be unity, the symbol 
for a plane parallel to both lateral axes is not written 
00 a : 00 ft : c, but a : b : Oc. 

This notation is employed in the writings of Weiss, 
Eose, Quendstedt, Rammelsberg, and some other au« 
thors ; but, on account of its cumbersome character. 
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it has generally giveu place to shortened forms, sug- 
gested by Natimaun and Dana. 

Abbreviated Parameter SymbolB. Naiimann has pro- 
posed a system of symbols, now in quite general use, 
which contain in their centre certain capital initials 
— (octahedron) when the planes are referred to a 
set of equal axes, and P (pyramid), when they are re- 
ferred to systems of unequal axes. 

Before this letter is written the parameter m, which 
refers to the vertical axis, and after it the parameter 
n, which belongs to one of the lateral axes. Any 
parameter whose value is unity is omitted. Thus 
the most general symbol becomes mPn, P or 
signifies a form whose planes cut all three axes at 
unity; mP, a form whose lateral axes are both unity ; 
and Pn, a form whose vertical axis is unity and one 
of whose lateral axes is n. Parallelism to any axis 
is represented by the sign of infinity, co , in its 
proper place in the symbol, oo 7* co signifies a plane 
parallel to the vertical and one lateral axis ; but the 
symbol Pec x (oo a : co 6 ; c) is replaced by its equiva- 
lent, OP{a : b : Oc), for a plane parallel to both lateral 
axes, as in the notation of "Weias. Many other points 
regarding the notations of Weiss and Naumann will 
be brought out iu the course of the descriptions of 
the forms of the various crystal systems. 

J. D. Dana has suggested a further simplification of 
Naumann's symbols, which has come into current 
use in the United States. It consists iu substituting 
a hyphen for Naumann's initial, and the letter i or I for 
the sign of infinity. The fundamental form is repre- 
sented by 1 ; a single parameter is written alone, if it 
refers to the vertical axis, c; but it is preceded by !• 
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if it refers to one of the lateral axes. Thus Naumann*s 
symbol 202 or 2P2 becomes, in Dana's notation, 2-2 ; 
2P, 2; P3, 13; P, 1 ; oo P, /; Poc, l-i; ooPoo, i-t; 
OP, ; 3Pf , 3-J ; etc. These symbols can present 
no difficulty to any one familiar with those of Nau- 
mann. 

Index System of Miller. A system of crystallographic 
notation based upon the use of the indices owes its 
present wide application to the writings of Prof. W. H. 
Miller. Hence it is called the Miller system, although 
it was first devised in 1825 by Whewell. 

In this system the symbol of any plane consists of 
the reciprocals of the parameters, written in the order 
above given for the axes a, 6, c, and in the simplest form 
possible when they are cleared of fractions. This can 
be made most clear by an example. The symbol 3Pf 
of Naumann becomes f « : 6 : 3c in the notation of 
Weiss. The recii)rocals of these parameters are f , 
1; ^, which, when cleared of fractions, become 2 3 1 
(read two, three, one). This is the symbol for the 
same plane in the notation of Miller. The indices are 
always written in the same order, and without any 
symbol for the axes or crystal system. 

A plane parallel to an axis must, of course, contain 
the index (the reciprocal of infinity) in its symbol. 
Thus 00 P 00 becomes 100 or 010 ; OP, 001 ; oo P, 110 ; 
Poo , Oil or 101; etc.* 

* A modification of the use of indices as crystal symbols has re- 
cently (1886) been suggested by Goldschmidt. The Miller symbol 
is shortened from three terms to two by reducing the third to unity. 

h k 
Goldschmidt's indices, p and q, are = y and y. In this case it is of 

course impossible to avoid fractions (see Index der Krystallformen 
der Mineralien, vol. i. p. 12). 
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It is evident that tlie aymbola of Naumann and 
Dana stand, not for single planes, but for all tlie 

planea which have equal intercepts on equivalent 
axes. Such an assemblage of planes is technically 
kuown as a crystal form (see beyond, p. 35). The 
symbols of Weiss distinguish between those planes 
of a form which belong to the same octant, by varj-- 
ing the order in which their parameters are written; 
they do not, however, ordinarily locate a plane in 
any particalar octant, although this may be done 
by signs. 

It is an advantage to be able to designate any par- 
ticular plane of a crystal form, and this is done in the 
notation of Miller by the use of signs. Any indcK re- 
ferring to a negative end. of an axis (see Fig, 25) has 
a minus sign written over it. This serves to locate a 
given plane in one particular octant, thus : 

m hii m m 
hu m hU M 

The members of each pair of parallel planes have 
the same indices and complementary signs ; hence to 
change the signs of any Miller symbol is to change 
the plane to its parallel and therefore equivalent plane 
on the opposite side of the crystal. 

Miller writes the indices of a single plane either 
alone, hH, or inclosed in parenthesis, (hH). If an en- 
tire form is to be represented, the indices are inclosed 
in brackets, \hkll.* 

• It 1b quite CBScnliftl that tbc studeot should bccoioo ec|iially fii- 
mlllBi' witli Ibe symbols of Weiss, Naumann (or Daan), iind Miller. 
for tLis purpose practice iu intnaforiuliig the symbols of one sys- 
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Levy's System. The oldest system of crystallograpliic 
uotatiou was devised by Haiiy and subsequently modi- 
fied by Levy and Des Cloizeaux. It is still in gen- 
eral use in France, but, on account of its complicated 
and difficult character, it has no currency in other 
countries. No explanation of this system need be at- 
tempted here. Further information regarding it may 
be found, if desired, in the works of Des GloizeauXy 
Goldschmidt, and Groth. 

3. Law of Stioietbt. 

Statement of the Law. It has been found that an im- 
portant property of crystal forms, and one according 
to which they may be advantageously classified, is 
their symmetry. 

A plane of symmetry may be defined as a plane which 
is capable of dividing a body into two halves which 
are related to each other in the same way that an 



tern into those of the others is recommended until the matter pre- 


sents no further difiiculty. 


A few examples 
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here appended: 








Weiss. 


Naumann. 


Dana. 


Miller. 


a: a: a 





1 


Ill 


a: a: ooa 


ooO 


1 


(110) 


ooa: coa : a 


ooOoo 


ui 


(001) 


a: a i 6or a:b 


:6 P 


1 


1111} 


jooa:ooa: cor) 

( ooa : cob : 6 ) 


OP 





001} 


ooa : b: cd6 


CO Poo 


i-i 


010 


a: cob : co6 


ooPoo 


ui 


100 


coa: b: 6 


Poo 


U 


oil 


2a: b: 26 


2P2 


2-2 


121 


da: b: 6 


P3 


1-3 


133 


a: b: dc 


3P 


8 


331 


a: 2b: 36 


3P2 


3-2 


632 


ia: b: 36 


3Pi 


H 


231 



GENERAL PRINCIPLES. 



33 



object is to its reflection in a mirror.* The grade of 
symmetry which any crystal form possesses is con- 
ditioned by the number of its planes of symmetr3\ 
For example, Figs. 28 and 29 represent two crystals, 
the one possessed of five planes of symmetry, the other 
of but one. 





Fig. 28. 



Fio. 29. 



The law of symmetry may be formulated as follows : 
AU the f (ices of a crystal are grouped in accordance with 
certain definite planes of symmetry which are fixed in their 
position for the same crystal, and condition, not merely its 
external form, hut, in an equoil degree, the distribution of 
aU of its internal physical properties. 

This law shows that symmetry is primarily a prop- 
erty of the internal molecular structure of crystals, 
and that, on this account, it is expressed in their out- 
ward form. This is the true explanation of its im- 
portance to crystallography. 

In order to bring out clearly the symmetry of any 



*More exactly we may say: two objects, or two halves of the 
same object, are symmetrical with refercuce to a plane placed be- 
tween them, when from any point of one object a normal to this 
plane, prolonged by its own length on the opposite side of the plane, 
will meet the corresponding point of the other object. 
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crystal fonu, we must imagine it freed from all distor- 
tion and restored to its ideal proportions (see p. 14). 
Plaiies of symmetrj are of two kinds: those wbicli 
contain two or more equivalent and interchangeable 
directions, and those which have no snoh directions. 
The first are called priitdpcd, and the others aetxtwdary 
planes of symmetry. This difference can be best illus- 
trated in a concrete case. Fig. 30 represents a form 
two of whose axes, a — a and 
a' — a', are of equal length, while 
the third is of nneqnal length. 
According to our definition, the 
axial planes, cux'aa' and acac, are 
I- both planes of symmetry ; but, in 
the first, the directions a — a and 
a' — «' are equivalent and inter- 
changeable, while, iu the second 
plane, the directions a — a, c — c 
FiqTso. ^'■fi not interchangeable. 

Again, the crystal form (Fig. 30) 
can be brought exactly into its original position by a 
revolution of less than 180° about the axis c ; hence c 
is a principal axis of symmetry. It is, however, im- 
possible to bring it into its original position by revolv- 
ing it less than 180° about o — a or a' — o' ; hence 
these are called secondary axes of symmetry. Principal 
axes of symmetry are always normal to principal 
planes of symmetry, and secondary axes of symmetry, 
to secondary planes of symmetry. 

Axes of symmetry are always chosen as the crystal- 
lographic axes, whenever there are three or more of 
them present. Moreover, when they are present, 
principal axes of symmetry are always preferred for 
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this purpose to secondary axes. If only one principal 
axis is present, then two secondary axes are taken in 
addition. If only one axis of symmetry of any kind is 
present, then two other arbitrary directions are se- 
lected as crystallographic axes. 

The Crystal Form. Thus far the term /orm has been 
employed in a somewhat loose sense. It has, however, 
in crystallography a very particular and technical 
meaning, which may be defined as the sum of those 
planes whose presefnce is required by the symmetry of the 
crystal^ when one of them is present. In other words, 
a crystal form embraces all those planes which, irre- 
spective of signs, can be repre- 
sented by a single symbol. We 
shall in future employ the 
word /orm only in this special 
sense. 

The number of planes com- 
posing a form depends upon 
the grade of symmetry and in- 
creases as the symmetry in- 
creases. For example, if a crys- 
tal is entirely without planes 

of symmetry, then the presence of any plane, A (Fig. 
31), necessitates the occurrence of only its parallel 
plane, A\ In this case, therefore, a complete crystal 
form is composed of only two planes. 

If, however, a single plane of symmetry ( WXTZ) is 
present (Fig. 32), then each of the two planes, A and 
A\ necessitates the occurrence of another plane {B 
and B') symmetrical to it. In this case the complete 
form consists of four similar planes. 

Thus it can be seen that the number of planes 
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which go to make ap a complete crystal form depends, 
in a way, upou the grade of sym- 
metry of thin form. 

CryKttil forms are divided into 
three types, according au their planes 
intort^ect one, two, or three of the 
^ axes ol reference, 

Pinncmds {nivaS, a board) are 
composed of planes parallel to two 
axes. They correnpoiid in position 
to tlie faces of the cube. 

Prisms are forms whose planes 
intersect two axes, while they are 
parallel to the tliird. When such forms are paral- 
lel to either of the two lateral axes, they are called 




Pyrctnuhi are forms wliose planes cut all three axes. 

Crystal forms are furthermore dosed when their 
planes completely enclose space, and open when they 
do not, Tlif)se forms whose planes are all parallel 
to a single line are open forms. They cannot, of 
course, occur alone, but only in combination with other 
forms of the same grade of symmetry. 

Crystal Comblnationfl. Inasmuch as certain cr^-stal 
forms do not by themselves enclose space, they cannot 
occur alone, and it is equally true that the occurrence 
alone of closed forms is rather the exception than the 
rule. The simultaneous occurrence on a single in- 
dividual of two or more crystal forms is technically 
known as a combination. 

The following points are of particular importance 
in regard to crystal combinations : 

1. Only forms possessing the same grade of sym- 
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metry cftn combine. This is evident if we remember 
tliat the externa] form of a crystal is only an outward 
expression of its molecular structure ; and that this 
must, of course, be the same throughout an entire 
individual. 

2. When two or more forms combine, the axes of all 
must be coincident and possess the same relative, but 
not the same absolute lengths. This point is apt to pre- 
sent difficulties to a beginner. It must be remembered 
that it is the relative and not the absolute len^^hs 
of the axes which are essential in determining the po- 
sition of any plane. A cube and 
octahedron, for example, whose \ 
axes are of equal length could 
not possibly combine, because 
the cube would entirely enclose 
the octahedron (Fig. 33). In or- 
der that these two forms may 
combine, the axes of the cube 
must be relatively the shorter. If they are only 
slightly so, the cube will appear as square truncations 
on the octahedral angles (Fig. 3i). If, however, the 
cubic axes are much the shorter, the two forms will 
appear in equal development (Fig. 35), or the octa- 
hedron may form triangular truncations on the cubic 
angles (Fig. 36). 

The relative development of the planes of different 
forms occurring in combination is an important factor 
in conditioning the liabit of a crystal. This is also 
largely influenced by distortion and elongation, as ex- 
plained on p. 14. 

Certain terms are employed in describing the re- 
placement of crystal edges and angles by the planes of 
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other forms, vliich here ueed defimtion. The replace- 
ment of an edge or angle by a single plane Is called a 
trviRDoiion, (German, Ahsivm-pfung) ; a replacement by 
two planes is called a bevdvtenl (German, Zuschd'rfv/ng). 




When a solid angle is replaced by more than two 
plflrues it is said to be acumimUed or Hunted {Qermaa, 
ZtiSpUzung). If a truucating plane makes equal angles 
with the planes on each side of it, it is said to be 
symTiietrical (German, gerade Ahstum^ung). If such 
angles are unequal, the truncation is urayrametriocil or 
d^igve (German, schie/e Abstumpfung). Of the following 
figures, 37 and 38 are examples of symmetrical trunoa- 
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^ 



/\ 



^ 



^Jy 



tions, the first of edges, the second of angles. Fig, 39 
ehows an onsymraetrical truncation of edges, while 
Figs. 40 and 41 represent bcTelments. 
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It IB a oouvenient fact to remember tliat the indices 
of any plane which symmetrically truncates an edge 
between two planes of the same form may be found by 
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taking the algebraic sum of the indices of the two 
planes formiug the edge truncated. Thus an edge be- 
tween the planes 111 and 111 would be symmetrically 
truncated by the plane 110, an edge between 321 and 
312 by 633 or 211, etc. 

Independent Occnrreace of Partial Crystal Forms. By the 
distortion of crystal forms due to irregular growth 
(p. 14), certain planes may be reduced in size to mere 
points and so disappear. Such an irregular absence 
of one or more planes belonging to a complete form 
is purely accidental and of no particular significance. 
It is known as inerohedrism {jiepoi, a part, and eSpa, 
face). 

Hemihedrism and Tetartobedrism. In many other 
cases, however, crystal forms do occur, which, if we 
adhere to the definition of the complete form given on 
p. 36, must be regarded as partial. Such partial 
forms, on account of the regularity of their develop- 
ment and the frequency of their occurrence, are of the 
highest importance in crystallography; aud to them 
must be accorded as full recognition as to those which 
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fulfil all the requirements of symmetry. Their esiflt- 
eDce is best explained on the assumption that the 
planes composing (me half or onegvarter of certain com- 
plete forms aro capable of occurrence, entirely inde- 
pendent of their other halves or quarters. 

The theoretical consideration of all possible regular 
arrangements of points in space which satisfy the con- 
ditions of crystal stmctnre (p. 6) shows that these 
also include partial forms, similar to those observed in 
nature. 

In contrast to such partial forms, the completely 
symmetrical crystal is termed holohedrdl {oXoS, whulc, 
and %Spa, face), or a hdohedron ; while the half forms 
are called hemihedrcd {^M'> hal^ and eSpa, face) or 
hemihedrona, and the quarter forms are known as 
tetartohedral (rirapTOi, quarter, and eSpa, face) or 
ietartohedrons. 

We may imagine any hemihedral or tetartohedral 
form as produced by the suppression of a certain half 
6r three quarters of the planes com- 
posing the complete or holohedral 
form, and the extension of those 
planes which remain until they meet. 
Let us, for instance, snppose that 
the white planes of the inside figure 
(Fig. 42) are suppressed, and that 
the shaded planes are extended to 
intersection ; they will then pro- 
Fia, 42. duce the outside figure, which is the 

hemihedron corresponding to the interior holohedron. 
Hemihedral and tetartohedral forms cannot, how- 
ever, be produced by the selection and extension of 
any arbitrary half of the planes belonging to the cor- 
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responding hoIoUedral form. On the contrary, the 
ptnues capable of producing partial forms mnxt be 
selected in aeeordauce with certain definite conditions. 
These may be stated as follows: If the crystal be im- 
agined as free, from, aU distortion, then only suck planes of 
the oomj^teform can survive to produce a kemihedron or 
t^artohedron as vnU, ajier their extension, intersed the 
extremities of aU equivalefnt axes of symmetry in the same 
nujnber, under equal an^gles and at the same distance from 

I the ceTiire. 
I figs. 43 and 44 show how the halves of the planes 

of a holohedron may be selected bo as in the first 
instance to fulfil, and in the second not to fulfil, the 
above conditions. For in the first ease the vertical 
axis is cut at its extremities by pairs of shaded planes, 
just as the lateral axes are ; while, in the second case, 
the vertical axis is still cut by pairs of shaded planes, 
but the lateral axes by single ones, which alternate 
^vith white planes. 

Every complete crystal form is bounded by pairs of 
parallel planes {p. 18). Such a form may become 
hemihedral (1) by losing one half of its pairs of 
planes, the other pairs remaining intact ; or (2) by 
losing one plane from each of its paiis, so that no 
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plane of the reaultlDg hemihedron has another paraU 
lei to it. The first method produces what is called 
■paroBjA-faae. hemikedrism (Fig. 45), and the second what 
is known as indined-face hemihedrism (Fig. 46). 




Inasmuch as all crystal forms are the external 
expressions of an internal molecular structure, the 
law of combinations (p. 36) must hold good not merely 
for holohedral, but also for hemihedral and tetaito- 
hedral crystals. Otdy forma bdonging to the same 
hind of hemihedrism or tetartohedrism can combine. 
Apparent exceptions to this law are caused by 
the fact that certain holoheliral forms are incapable 
of producing hemihedrons which are georaetiically 
different from themselyes. This will be more fully 
explained in the succeeding chapters. 

HemlmorphlBm. One half of the planes bounding a 
holohedron sometimes occur indejjendeutly of the 
other half, where the selection of faces cannot be 
brought within the aboye-giveu conditions of hemi- 
hedrism. Instead of the new form having one half of 
the planes similarly grouped about either extremity 
of an axis of 83'mmetry, we may have all of the holo- 
hedral planes at one extremity of such an axis, and 
none of them at the other. This mode of development 
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is called heminvorpMsm {jjMh half, pi6p<fnf, form), and the 
axis with reference to which the planes are grouped 
is known as the hemimorphic axis. 

Hemimorphic forms cannot of themselves enclose 
space. They must, therefore, always occur in combina- 
tion with other hemimorphic forms, as is shown in the 
case of calamine (Fig. 47). That this 
development is the direct result of 
molecular structure is shown both by 
the hemimorphic indentations pro- 
duced when the crystal planes are 
etched, and by certain peculiar physi- 
cal properties, most prominent among 
which is pyro-electricity. When hemi- 
morphic crystals are heated, they Fiq.47. 
give off positive electricity at one end {analogue pole), 
and negative at the other (antilogue pcle). When the 
temperature begins to fall, this order is reversed. 

Symmetry of a Crystal Plane. The symmetry of a 
crystal plane is conditioned by the number of planes of 
symmetry to which it is normal. Thus a face perpen- 
dicular to one plane of symmetry is called monosym- 
metric ; one perpendicular to two planes of symmetry, 
disymmetric; etc. 

The Crystal Systems. It can be proved in a variety of 
ways that all the complete or holohedral crystal forms 
that are possible must possess one of six grades of 
symmetry. Symmetry, therefore, furnishes a valuable 
means of classifying the complete forms into six 
groups, called Crystal Systems. From the symmetry 
of the holohedral forms the crystallographic axes, to 
which their planes are referred, are deduced, as al- 
ready stated on p. 34. 
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A definition of the crystal systems; however, which 
is based entirely upon symmetry cannot be whollj 
satisfactory, since it strictly excludes the partial crystal 
forms (hemihedral, tetartohedral, and hemimorphic), 
whose grade of symmetry is always less than that of 
their corresponding holohedrons. These partial forms 
are nevertheless referable to the same crystallographic 
axes as the complete forms from which they are de- 
rived, and hence the crystal systems must be defined 
in terms of both their symmetry and axes : A system 
is the sum of dJUihe possible crystal formes whose planes 
can be re/erred to the same kind of axes ; or the sum of 
aU possible holohedral forms which possess the same 
grade of symmetry. 

According to this definition, we may characterize 
the six crystal systems as follows : 

Class I. (Isometric.) 1. All forms referable to three 
axes of equal length which intersect at angles of 90°. 
Holohedral forms are possessed of three principal 
planes of symmetry at right angles to one another 
(giving the three rectangular axes) ; and six secondary 
planes of symmetry, which bisect each of the angles 
between the principal planes. . . Isometric System. 

Class II. (Isodimetric.) All forms referable to one 
principal or vertical axis, which is perpendicular to, 
and different in length from the lateral axes. One 
principal plane of symmetry, giving the principal axis. 

2. Number of equal lateral axes two, intersecting 
the principal axis and each other at angles of 90°. 
Number of secondary planes of symmetry for holo- 
hedral forms four, which are all perpendicular to the 
principal plane of symmetry, and inclined to each other 
at angles of 45°, 90°, and 135°o . Tetragonal System. 
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3. Number of equal lateral axes three, intersecting 
the principal axis at angles of 90°, and each other at 
angles of 60**. Number of secondary planes of sym- 
metry for holohedral forms six, all at right angles to 
the principal plane of symmetry, and inclined to each 
other at angles of 30°, 60°, 90°, 120°, and 150°. 

Hexagonal System. 
Class TTT. (Anisometric.) No principal axis or plane 
of symmetry. 

4. All forms referable to three axes of unequal length 
intersecting at right angles. Holohedral forms pos- 
sessed of three secondary planes of symmetry at right 
angles. «•.<•«.. Orthorhombio System. 

5. All forms referable to three axes of unequal length, 
two of which intersect at an oblique angle, while they 
are both perpendicular to the third. One second- 
ary plane of symmetry. . » . Monoclinio System. 

6. All forms referable to three axes of unequal 
length, all oblique to one another. No plane or axis 
of symmetry, , . , Triclinic System. 

We may now proceed to the description of the par- 
ticular types of crystal forms which compose each of 
these six systems. 
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THE ISOMETRIC SYSTEM.* 

HOLOHEDBAL DIVIBI05. 

Symmetry. The special characteristics of a crystal 
system may be adTantageously deduced from the 
symmetry of its holohedral forms, for this belongs 
primarily to the molecular structure of the crystals 
themselves. 

According to the definition of the isometric system 
given m the preceding chapter, its complete forme 
possess the highest grade of symmetry which is con- 
sistent with the law of rational indices. This is 
niiie-fold, and is distributed 
about three principal planes 
of symmetry at right angles 
to one another, the angles 
between which are bisect- 
ed by six other secondary 
planes of symmetry. The 
position of these planes of 
P,^ ^ symmetry is shown in the 

accompanying figure (No. 48), where the three princi- 
pal planes are shaded and indicated by Boman nu- 
merals, while the secondary planes are white, and are 
numbered 1, 2, 3, 4, 5, 6. 

The symmetry of pail-ial forms in the isometric 
system is necessarily less than that of the complete 
* Also called tbe reffular. tesseral, Uagular, or culiic aystem. 
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forms, and its character will be fuUj explained be- 
yond, as each of the hemihedral aiid tetai'tohedral 
divisions is considered. 

Axea. A still more comprehensive definition of the 
isometric system, inasmuch as it includes both partial 
and complete forms, is that it is tM sum of all crystal 
forms whose jAanes are referuUe to three axes of equal 
length tohich intersect at right angles. These axea are di- 
rectly deducible from the holohedral isometric sym- 
metry, because they represent the three principal axes 
of symmetry; and, as has been already stated (p. 34), 
principal axes of symmetry are employed as crystal- 
lographic axes whenever they are present. Moreover, 
because these axes lie, two and two, in the principal 
planes of symmetry, they must be not merely redan- 
gidar and ofegucdlength, but also all interchangeable; i.e., 
whatever is true of one mmt he true also of the other ttoo.* 

The fundamental Form. The 
starting-iioiut for any series of 
planes which is referable to the 
sama set of rectangular crys- 
tallographic axes, is a form which 
Euta all of the axes at their 
unit length. This is called the 
fntidameutal or ground-form for 
tlie series. In the isometric ^"'- ■"•■ 

syatem all of the axes have the same length, and its 

" Two other suts of axea are of use in Ilic isomvlric sj-Hlcm. One is 
Uie net of iuteraec I ion -lilies between the principal and secondary 
planes of symmetry: and 1be other the iuiersect ion -lines of the 
fccoDdary planes of symmetry with each olbcr. The first &re normal 
to the faces of the rliombic dodccahedmn and are tailed the d^ 
ttal; the second ore normnl (o the fuCLt) of the acTabedrun and are 
called the trigoiial om*. 
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ground-form must therefore be one whose planes cut 
all the axes at the same distance from the centre. 
This is the regular octahedron, whose eight equilateral 
sides intersect at angles of 109° 28' 16.4" (Fig. 49). 
The parameters and indices of this form are all alike 
unity. Modified by signs indicating particular octants, 
as explained on p. 31, the indices of the octahedron are ; 

(Above) 111, 111, ill. 111. 

(Below) 111, lii, III, III. 

Derivation of the Types of Holohedral Forms possible in 
the Isometric System. Before attempting to describe 
the isometric crystal forms, it will be well to discover 
how many types of such forms are possible ; ie., how 
many different kinds of forms possess the complete 
isometric symmetry and have their planes referable to 
three equal and rectangular axes. To do this, we may 
first find what is the most general form consistent 
with these conditions, and then deduce from this all 
possible special cases, by giving definite or limiting 
values to one or both of its parameters. 

The most general symbol for any plane referred to 
a set of three perpendicular axes, expressed in the 
parameter notation of Weiss, is, as was explained on 
p. 26, Tia : 6 : mc. Since, however, in the isometric 
system all three axes are equal and interchangeable, 
they are represented by the same letter, a, and this 
general formula therefore becomes na : a : ma. 

Of this symbol, as it stands, six, and only six, permu- 
tations are possible, as follows : 

na'aimai a : na : ma; ma:a:na\ 
na \ ma : a\ a : ma : na; ma : na> : a. 

Inasmuch as the signs of these six symbols are 
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ronghout the same, all the planes which they rep- 
sseut must belong to a single (Dctant (p. 31). The 
three principal planea of symmetry of course require 
the repetition of the same group of six planes in each 
of the eight octants into which they divide space; 
and hence the most general isometric form must be 
bounded by forty-eight planes. 

The same conclusion may be reached by writing the 
general expression for the indices of a form, \h]d\, in 
every order and with every possible combination of 
signs. In this way we obtain the following forty- 
.«igbt symbols, each of which st.inds for one particular 
.;|ilane of the most general isometric form : 



Four upper ootonfa. 






Four lower 
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Each vertical column here represents the planes of 
a single octant. The order of the octants, commenc- 
ing with the upper, right, front one, ia around the 
upper half of the crystal from right to left, and then, 
in a similar way, around the lower half. 

a number of planes belonging to the most general 

wmetric form may be arrived at in still another way. 

1 nine planes of symmetry (see Fig. 48) divide 

KBpace into forty-eight equal triangular sectants. The 

presence ot any plane in one of these sectants, oblique 

> all the planes of symmetry, necessitates another 

laiiej similarly inclined, in each of the other forty- 
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seven sectants. Hence forty- eight is the number of 
planes bounding the most general form. 

The parameters, m and n, in the most general 
symbol stand for any rational quantity greater than 
one and less than infinity. The reason why they are 
never made less than one is because in the isometric 
system all of the axes are equal and interchangeable ; 
hence any one of the axial intercepts for any plane 
may be assumed as unity, and it is customary to 
make the shortest of them unity. Now all the other 
types of holohedral forms possible in the isometric 
system may be deduced as special cases of the most 
general type, na : a \ ma, by giving limiting values to 
one or both of its parameters. These limiting values 
are three in number, viz., the smallest possible value, 
unity ; the largest possible value, infinity ; and a value 
for one parameter equal to that of the other. Since 
special cases may be produced by limiting either one 
or both of the variable parameters, we find that seven 
and only seven distinct types of isometric holohedrons 
are possible, which fall naturally into the three follow- 
ing classes : 

Class I. Forms with Uoo variable parameters. 

1. m > n, general symbol becomes na \ a \ ma. 
Class II. Forms with one variable parameter. 

2. m or n = 00 , general symbol becomes 

00 a : a : ma, 

3. m or ri = 1, general symbol becomes a \ a\ ma. 

4. m = n, general symbol becomes ma : a : ma. 

Class III. Forms with no variable parameter. 

5. m = 1, n = 00 , general symbol becomes 

ooa : a : a. 
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6. m and n = oo , general symbol becomes 



7. m and n = 1, general symbol becomes a : a % a. 

If we employ the indices where A > A > i, the sym- 
bols corresponding to these seven types become 
\hU\, \hkO\, \mi, likk\, jllOS, |100}, and jlll}. 

The particular characters of these seven isometric 
form-types we shall now proceed to consider in 
snccession. 

The Hexoctahedron, We shall best be able to appre* 
ciate the nature of the most general or forty-eight- 




sided form if we construct upon three equal axes the 
planes which occupy a sinnle oetant. For this pur- 
pose we may assume the definite values « = 2 and 
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m = 3. Then the possible permutations of the sym- 
bol become : 

2a : a : 3a ', a : 2a : 3a ; 3a : a : 2a ; 

2a : Set : a ; a : 3a : 2a ; 3a : 2a : a . 

Bach ezpreasion represents one plane of the same 
octant, which may be independently constructed on 
the aies. The intersections of the aix planes thus 
obtained give the assemblage repre- 
sented in Fig, 50. The principal 
planes of symmetry now require 
the occurrence of a similar group 
in each of the other seven octants, 
and the result is the sohd figure 
shown in Fig. 51. Each plane of the 
rra. Di. fundamental form is here replaced 

by a hexagonal pyramid, whence the name for this 
form is the Jiexoctahedron. 

This form is bounded by forty-eight similar scalene 
triangles. Its solid angles are of three kinds; six 
octahedral, at the extremities of the principal axes ; 
eight hexahedral, at the extremities of the trigonal 
axes ; and twelve tetrahedral, at the extremities of the 
digonal axes. There are also three kinds of combina- 
tion-edges, twenty-four of each. Of these the shorter, 
for reasons to be explained beyond, may be called the 
cubic edges (c. Fig. 51) ; those of intermediate length, 
the octahedral edges (o, Fig. 51) ; and the longer, the 
dodecahedral edges {d, Fig. 51). Nanmann's symbol for 
this form iam On; Dana's, m-n. 

The Tetrahexahedron. If one of the two variable 
parameters be given the limiting value infinity, the 
general formula becomes oo a : a : mo. This repre- 
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sentH a figure bounded by twenty-four sideS; each of 
which is parallel to one of the principal asea. It is 
therefore a combiaation of planes of the prismatic 
type (p. 36). "We may make r construction of the 
planes in one octant, as was done in the last case, as- 
Burning for m the value 3. The posBible permntationB 
then become : 




lie leBulting group of planes is not, at first glance, very 

" "went from that obtained before ; but here each plane 

1 to a principal plane of symmetry, and there- 
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fore belongs equally to two coutiguouB octants (Fig. 
■. The complete form (Fig. 5'S) is 
like a cube whose faces are replaced 
\ by a quadratic pyramid; aud it is 
f therefore called the tetrakexahedron. 
The planes of this form are tweuty- 
four similar isosceles triangles. Its 
solid angles are of two kinds : six 
tetrahedra], at the ends of the principal axes : and 
eight hexahedral, at the ends of the trigonal axes. 
Twelve cubic and twenty-four dodecahedral edges re- 
main, but the octahedral edges have disappeared by 
becoming angles of 180°. Naumann's symbol for this 
form is CO Ow ; Dana's is i-n. 

The TriBOctahedron. Giving n its smaller instead of its 
larger limit changes the general formula to o : a : ma. 
Of this only three permutations are possible, which 
indicates that the resulting form has 
but three planes in an octant. A 
construction similar to those given 
in the preceding cases can be readily 
made by the student. This pro- 
duces a group of planes, which, when 
developed for each octant, results yia. u. 

in the form shown in Fig. 54. It resembles an octa- 
hedron with each of its planes re])]aced liy a triangu- 
lar pyramid, whence its name^ — the tiisoctahedron. 

The planes of this form are twenty-four similar 
isosceles triangles, each normal to a plane of symme- 
try, and hence monosjmmetric (p. 43). Its solid angles 
are of two kinds : six octahedral, at the euds of the 
principal axes ; and eight trihedral, at the ends of the 
trigonal axes. There are twelve octahedral aud twenty- 
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four dodecaLedral edges, while the cubic edges have 
disappeared; like the octahedral edges in the tetra- 
hexahedron. Naumann's symbol for this form is mO ; 
Dana designates it by m, and calls it the trigonal iris- 
octahedron. 

The Icositetrahedron. When n = m, the general 
formula becomes ma : a : ma, of ^y^^7\>^ 
which there are again but three AS?*r^^>\ 

permutations possible. A construe- // // \\ '\ 

tion like the others, with some ^Jr^ — \] H — ^y 

definite value assumed for m, yields \. ^>V ^ii-'V 

three planes in each octant, and a ^vST^^^^^^ 
completed figure like that shown in fiq. 55. 

Fig. 55. In allusion to its being twenty-four-sided, 
it is usually called the icositetrahedron* 

The planes of this form are similar trapeziums. Its 
solid angles are of three kinds : six tetrahedral at the 
ends of the principal axes ; twelve tetrahedral at the 
ends of the digonal axes ; and eight trihedral at the 
ends of the trigonal axes. There are twenty-four 
octahedral and twenty-four cubic edges, while the 
dodecahedral edges have disai)peared. Naumann's 
symbol for this form is w,Om\ Dana's is m-m. 

The Rhombic Dodecahedron. If one parameter is given 
its largest, and the other its smallest limiting value, 
the general formula becomes, a : a : 00 a. This is 
capable of three permutations, which locates throe 
planes in each octant ; but the sign of infinity shows 
that each plane is parallel to an axis, and therefore 
common to two contiguous octants. The result must 



♦ It is also known as the trapezohedrani the leuclto/iedron, and 
tetragonal tiHsoctahedron, 
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be a form bouuded by twelve pLanes, wliicli tlie con- 
struction shows are similar rhombs 
(Fig. 56). This form is called the 
rhomhic dodeaihedrmi. It has six 
acute tetrahedral angles at the ex- 
tremities of the princi2)al axes, and 
eight obtuse trihedral angles at the 
ends of the trigonal axes. Its edges 
Fig. 50. .^^.^ twcutj-four iu number, and are 

all of one sort {dodecahedral), enclosing angles of 120". 
Each of its faces is normal to two planes of symmetry, 
and therefore disymmetric. Naumann's symbol for 
this form is go ; Dana's is /. 

The Hexahedron (Ciibe), If both parameters reach 
their maximum limit, the general formula becomes 
00 a : a : 00 a, also capable of three 
permutations. Hence there are 
three planes in each octant, but 
the two signs of infinity show 
that every plane is parallel to two 
axes, and hence is common to four 




contiguous octants. The result 






Fig. 57. 



is a six-sided figure, which is 
therefore called the hexahedron (Fig. 57). Its sides 
are squares, normal to four planes of symmetry, 
and quadrisymmetric. It has eight similar trihedral 
angles at the ends of the trigonal axes, and twelve 
similar edges (cubic) enclosing angles of 90''. Nau- 
mann's symbol for the cube is oo oo; Dana's is i-i. 

The Octahedron. The simplest form to which the 
most general isometric parameter symbol can be re- 
duced is a : a : a, which represents one plane in each 
of the eight octants, intersecting all of the axes at unit 
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distance from tlie centre. This produces the regular 
octahedron^ or fundamental form of the system (see p. 
47, Fig. 49). Its faces are all equilateral triangles ; its 
six solid angles all similar and tetrahedral, situated at 
the extremities of the axes ; and its edges are all simi- 
lar (octahedral). Naumann abbreviates the parameter 
symbol of this form into its initial letter, 0\ while 
Dana designates it by the figure 1. 

Relations of the Seven Isometric Holohedrons to each 
other — Limiting Forms. We have seen (p. 50) that the 
six simpler types of isometric holohedrons may be re- 
garded as special cases of the most general type or 
hexoctahediion. Of course those types whose symbols 
contain one or more variables may be represented by 
a variety of forms, which are alike in the number, 
distribution, and symmetry of their faces, but which 
differ in their corresponding interfacial angles. Thus 
202, 303, and 505 all represent icositetrahedrons, 
although their corresponding angles are not iden- 
tical. On the other hand, only one representative is 
possible of those types whose symbols contain no 
variable parameter ; and hence all cubes, octahedrons, 
and rhombic dodecahedrons must be alike. These 
are therefore cjilled^ojed forms. 

In proportion as the parameters in any symbol 
approach their limiting values, so do the forms which 
they represent approach nearer to their limiting forms. 
Plate I. is arranged to show the relations of the iso- 
metric holohedrons in this respect. The three fixed 
or unvariable forms occupy the corners of the tri- 
angular diagram, since they are the final limits between 
which the other tvi)os vary. The colors of their edges 
octahedral (black), cubic (blue), and dodecahedral 
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(red) — are retained in all tlie other forms. Between 
each pair of fixed forms oscillates one of the three 
types of twenty-four-sided figures which have but a 
single variable parameter in their symbols. 

Let us, as an illustration, consider the case of the 
trisoctahedr(m. The number of trisoctahedrons theo- 
retically possible is infinite, because m may be given 
an infinite number of rational values ; practically the 
number is small because, on natural crystals, 7n is 
generally some small whole number. Such a sequence 
of trisoctahedrons may be represented by the following 
symbols : f 0, -JO, f 0, 20, |0, 30, 40, GO, 120, 180, 
etc. As the value of m decreases, the more obtuse do 
the dodecahedral (red) edges become ; until when 
m reaches its lower limit, 1, the angles disappear by 
becoming = 180°, and the form merges into the octa- 
hedron — one of its limiting forms. As the value of 
m increases, the more acute the dodecahedral edges 
of the trisoctahedron and the more obtuse its octa- 
hedral edges become. When m reaches its upper limit, 
00 , the former have become 120° and the latter 180°, 
i.e., the trisoctahedron has graded into the rhombic 
dodecahedron, the other of its limiting forms. 

Exactly the same gradations may be traced for the 
sequence of icositetrahedrons between its limiting 
forms, the octahedron and the cube ; and for the pos- 
sible tetrahexahedrons, between the cube and dodeca- 
hedron. 

Each type of the twenty- four-sided figures possesses 
the two sorts of edges belonging to its own limiting 
forms. Each can oscillate backward or forward along 
a single direction, because it has but a single variable 
in its symbol. 
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The variations of tlie bexoctaliedral type, with two 
trarialile yiiantities in its symbol, »(«;«: mi.t, are more 
complex. The value of one parameter may be changed, 
while the other remains fixed ; or both may be changed 
aimultiineouBly. Thus sequences of hexoctahedrons 
may be deduced, oscillating along different lines, and 
between different pairs of limiting forma. 

Suppose we start with the hexoetahedron 402, we 
may vary but one parameter in three ways: (1) By 
increasing the greater: 402, 502, 602, 1202, 1802, 
etc., to 00 02, the tetrahexaheilron, one limiting form. 
(2) By decreasing the greater to the limit of the less ; 
402, J02, 302, |02, etc., to 202, the icositetrahedron, 
another limiting form. (3) By decreasiiigthe less, 402, 
40j, 40|, 40|, etc., to 40, the triBoctahedron, a third 
limitiug form. 

Both parameters may also be vaiied simultaneously 
in three ways : (1) Both may he increased : 402, 503, 
604, 806, etc., to m 03, the cube. (2) Both may be 
diminished: 402, |0J, 30jl, jOf, to 0, the octahe- 
dron. (3) One may he increased, while the other is 
diminished : 402, 50j, 60§, 70J to so 0, the rhombic 
dodecahedron. 

Thns we see that all the other holohedral forms of 
the isometric system are not merely special cases of 
the hexfictahedrnn, but that they are as well its limit- 
ing forms iu different directions. 

The Holohedral Isometric Forms in Combination. Al- 
though all isometric forms completely enclose space, 
and are therefore capable of independent occurrence, 
still moat isometric crystals exhibit the occurrence of 
two or more forms together. These combinations are 
far too manifold for special description. Their ao- 
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qnaintance must be made bj practice with models and 
natural crystals. 

The figures on Plate II. are arranged to show each 
of the isometric holohedrons in two different com- 
binations with all the others. The simple forms run 
in a diagonal through the plate. The combinations 
above this line show the simpler, and those below it 
the more complex forms predominating.'* 

Only a few points relating to these combinations can 
be specified here. We notice that the cube and octa- 
hedron mutually truncate each other's solid angles, 
while the edges of both forms are replaced by the 





Fig. 58. Fia. 59. 

planes of the rhombic dodecahedron. In combinations 
of fixed with variable forms, or of variable forms with 
each other, the particular mode of replacement depends 
on the values of the parameters. For instance, the 
faces of the icositetrahedron truncate the edges of the 
rhombic dodecahedron only when the parameters m, 
of the former, are equal to Uvo (PL II. fig. 18). If these 
parameters are greater than two, its faces replace the 
tetrahedral ; if less than two, the trihedral angles of the 
dodecahedron (Figs. 58 and 59). Similar relations. 



♦From Ulricli's Krystallograpbisclie FigurUifeln. 4°; Iljinnover 
1884. 



II 



» 



'7 
I. 

B- 



be 

8). 



1 



J 



: t 
. t 



i 



ad 
of 
im 




of 

bir 

in. 

a1> 

tlx 



1)< 



-m 



p 

OJ 

ei 
oi 






,.*•. 



THE laOXBTRIC 8TBTBM. 



61 



which will be resdilj nnderstood, are indicated by 
dotted lines on Figs. 18, 26, 27, 39 and 46, of Plate II. 
Combinations of three or more forms are quite as 
common as those of two. A few examples of such 
complex combinations are given in the following fig- 




Fig. 60 (galena) shows the cube (A), the octahedron 
(o), and the dodecahedron (d). 

Fig. 61 (garnet) shows the dodecahedron, the 
icositetrahedron, 202, j211j {I), the tetrahexahedron, 
oo02, )210j (e), and the hexoctahedron, 30|, S231| (s). 

Fig. 62 (amalgam) shows the cube, 
the dodecahedron, the tetrahexahe- 
dron, 00 03, S310J (/), and the icosi- , 
tetrahedron, 202, f211} {T). 

The following isometric sub- 
stances may be mentioned as exam- 
ples of holohedral crystallization : 
the metals copper, silver, gold, and ^"^ ^ 

platinum ; amalgam (HgAg) ; the sulphides of lead 
(galena) and of silver (argentito) ; the chlorides of 
sodium (halite) and of silver (cerargj'rite) ; calcinm 
fluoride (flnor-spar) ; spinel, garnet, niicrolito, socialite, 
ncwean, leucite, and auulcite. 
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Hehihesbal Sitibion of tee Isometric System. 

Kinds of Hemihedrism. As liuB beeu explaiued iu the 
preceding cliapter, one half of the planes composing a 
complete form may occur ou crystals of certain sub- 
stances independently of the other half. Such partial 
forms are, however, only possible when the planes 
which compose them are selected from the cone- 
spoudiug complete form in accordance with certain 
fixed conditions, viz.: they must intersect the extremi- 
ties of all equivalent axes of symmetry in the same 
□umber, under equal angles and at equal distances 
from the centre (p. 41). 

In order to discover how many different kinds of 
hemihedral forms are possible in the isometric system, 
we may imagine one lialf of the planes bounding the 
most general form — tlie hexoctahedron — to be selected 
in every conceivable way, and then note which of these 
ways satisfy the above conditions. Such a method of 
proceduri' sliows that, although we can choose one 




half of the forty-eight planes of the most general 
holohedron in a great number of different ways, only 
three of them yield crystallograpliically possible partial 
forma. These three methods of selection, each capable 
of'produciiig a different kind of isometric hemihedrism, 
are illustrated in the three figures, 03-65. The first 
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(Fig. 63) is a selection by alternate planes ; the second 
{Fig, 64) is by pairs of planes which intersect in the 
principal planes of symmetry, or in the octahedral 
edges ; and the third (Fig. 65) is a selection by alter- 
nate octants. If we imagine either tlie white or shEided 
planes of these figures to disappear, and the otliers to 
be extended until they intersect, three new forms will 
result, all of which satisfy the conditions of hemihe- 
drism, and which occur.on ufttural crystals. Thus three 
distinct kinds of isometric hemihedrism are possible. 

! These are called, for reasons which will appear as each 
bi turn is considered : 
F 1. Gyroidal, or plagiohedral hemihedrism ; 
2. Pentagonal, or parallel-face hemihedrism ; 
3, Tetraliedval, or inclined-face hemihedrism. 
Oyroidal HemlhedriHin. If the alternate planes of the 
most general isometric form — the hexoctahedrou— are 

extended nntil they intersect, a new form will result 
bonuded by twenty-four similar but unsymmetrical 
pentagons. Two such forms must be derivable from 
every hexoctahedron, one produced from one set and 
the other from the other set of alternate planes (Figs. 
B66 and 67). Tliey are called penffigonal icositdroMdrons, 
are distuigniahod as right- and left-liauded nc- 
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cording as they contain the right or left top plane of 
the front, upper octant. Their symbols, in the nota- 
tions, of Naumann and Miller, are 

— ^ r, y\lkh\ and ~o" ^» vWMi 

where A > Aj > ?, as in the case of holohedral forms 
(p. 51). 

Apparently Holohedral Hemihedrons. Since all the 
other six isometric holohedrons may be regarded as 
special cases of the hexoctahedron (p. 50), we may 
consider them all as forty -eight-sided figures, certain 
of whose planes intersect at angles of 180°. From this 
point of view, the faces of the cube are composed of 
eight planes ; those of the octahedron of six ; those of 
the dodecahedron of four ; etc. Now if the above 
method of selection be applied to the forty-eight 
planes, by which every isometric holohedron may be 
considered as bounded, it is evident that in every 
case, except the most general, the surviving planes 
will, by their extension, reproduce the form without 
geometrical change. This must be so, because every 
face of the six more special forms is made up of at 
least two contiguous planes of the general form, in- 
tersecting at angles of 180° ; and hence either half of 
any face is enough to reproduce it. This may be seen 
from the six following figures, whose planes are shaded 
in accordance with the alternate method of selection. 
Thus only one geometrically new form-type is possi- 
ble by gyroidal hemihedrism, but other apparently 
holohedral forms combined with it must be regarded 
as just as truly hemihedral. Their essential character 
consists in their molecular structure, and this must 
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be the aame throughout the same crystal individual. 
If a given molecular structure can produce any form 
which is geometrically hemihedral, this is a proof thai 
aU the forms produced by the same structure must be 
equally hemihedral, whether they have a different 




dhape from holohedral forms or not. Thus we may 
have two cubes or octahedrons which are outwardly 
alike but in reality different ; and their difference can, 
in many cases, be demonstrated by their physical be- 
havior or by etching. 

Symmetry of Oyroidal Forms. An inspection of the 
only new gyroidal heiiiihedroii — the pentagonal icosi- 
tetrahedron — shows that it possesses no phuie of sym- 
metry whatever. All of the nine isometric planes of 
symmetry disappear by the alternate method of selec- 
tion. Nevertheless, the faces of thin form are refer- 
able to three et^ual and rectangular axes, and it is 
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therefore to be reckoned in the isometric system. 
Although the right- and left-handed peutagoniil icosi- 
tetrahedrons themselves are without symmetry, they 
are still symmetrical with reference to each other. 
Symmetrical forms, which are themselves devoid of 
planes of symmetry and cannot therefore be brought 
by any revolution into exactly the same position, 
are called in crystallography enantiomorphom (from 
evavTio?, opposite, and fioptpr;, form). 

In spite of their apparently holohedral shape, all 
the other gyroidal forms of the isometric system 
must also be considered as devoid of symmetry, be- 
cause they are produced by an asymmetric molecu- 
lar arrangement. 

Gyroidal hemihedrism is not of common occur- 
rence, as it has, up to the piesent time, been observed 
on the crystals of only thiee substances cuprite 
(CiijO), sylvine (KCl), and sal-ammoniac (NH.Cl). 

Penta^fonal Hemihedrism. The second kind of possi- 
ble isometric liemihedrism is, as we ha^e seen (p. 63), 




produced by the selection of one half of the planes of 
the hexoetahedron by pairs which intersect in tlie 
principal planes of symmetiy, or octahedral edges. 

The survival and extension of the planes belonging 
to these two sets of alternating pairs produce from 
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the most geiieral form two new figures, each bounded 
by twentj-four similar trapeziums (Figs, 74 and 75). 
Tiiese forms possess three sorts of solid angles and 
three sorts of edges. The two figures produced by 
the survival of the two halves of the planes of any 
hexoctahedron differ from each other only in their 
position. Either one may, by a revolution of 90° about 
any of its axes, be brought exactly into the posi- 
tion of the other. Such figui'es, in contradistinction 
to enantiomorphous forms, are said to be congriieiii.. 
Their positions are distinguished as positive and nega- 
tive. The above- described hemihedrons are called di- 
dodecahedrom or diploids. Their symbols according 
to Naumaun and Miller ai'e 






7l\hU\. 



Any other isometric form is capable of producing a 
geometrically new hemihedron by this method of selec- 




tion, if its planes correspond exactly to pairs of planes 
selected on tlie hexoctahedron. This is the case with 
the faces of the tetrahexahedron, but with those of 
no other isometric form. The selection of alternate 
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planes of tlie tetrahexiihedron produces two new and 
congruent forms, bounded hy twelve niiuilar but un- 
equilateral pentagons (Fit;a 7f> and 77). These are 
known as the positive and negative pentnyojud do- 
decahedrons, or, on account of their frequent occur- 
rence on crystals of i)yrite (FeSJ, as jnjrilnJwdrom. 
Their ayuibols are written by Naunmun and Miller 

Apparently Holohedral HemiliedrouB. On no other iso- 
metric holohedrou, except the two just mentioned, do 
the planes correspond exactly to the pairs of fiuios 
selected on the most general form ; therefore, which- 




ever pair is selected, portions of all the faces will 
Bur^ve on the five other holohedrons, and these, by 
their extension, wUl reproduce the forms as they were 
before. Tliis is shown by the five fijjures, 78-82, 
which are shaded to correspond to the pentagonal 

■ The regular dodecahedron of geometry, with its angles ail equal 
and its faces equilatenil pentagous, is not cryBtallogmpliicully poasi' 
lile, because itainJiceB would be 3.1 + ^5.0, involving un inutional 
quantiry. The form whose indices are ;r{680| approaches il very 
closely. 
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selection. As explained in the case of gyroidal Jiemi- 
liedrism, foruB of tliis character are to be regarded 




as truly liemihedral as though they produced com- 
pletely new shapes. 

Symmetry of Pentagonal Forms. An examination of 
the two new form-types produced by this kind of 
hemihedrism shows that they jjossess three planes of 
symmetry, corresponding in their position to tlie three 
principal planes of symmetry of holohedral forms. 
These are, however, no longer principal planes of 
symmetry, because they do not coutain strictly inter- 
changeable directions (p. 34). The sis secondary 
planes of symmetry belonging to holohedral forms 
have disappeared. 

The pentagonal hemihedrism is also called paraUd- 
face, because the planes of its forms, like those of holo- 
hedrons, are arranged in parallel pairs. With the 
succeeding kind of hemihedrism this is, however, not 
the case, so that tliis is called indiTted-face, as has been 
already explained on p. 42 of the preceding chapter. 

Pentagonal Hemihedral Forms in Combination. On ac- 
count of the common occurrence of parallel-face hemi- 
hedrism in the isometric system, it will be well to 
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;ur6 and deseribe a few of the most frequent combiua- 
tiouB. Fig. 83 shows the cube with 
its edges laiiHyrametrically truucated 
(p. 38) by the faces of the peutagoual 
dodecahedroii. Fig. 84 shows the 
saiue hemihedroii bluutiiig the solid 
angles of the octahediou. When 
these two forms have about the same 
development, a combiuatiou results which simulates 
the shape of the reguhtr icosaheilroii of geometry 



w 




(Fig. 85). This solid cannot, however, itself be 
exactly represented by any crj-stal, because its planes 
would have irrational indices. Fig. 86 shows a similar 




combination to the last, where the octahedron is re- 
placed by the diploid. Fig. 87 is an example of a 
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cube whose solid angles are replaced by the trihedral 
angles ol the diploid, \j^~\ , ^{231 1. 

As examples of parallel-face hemihedrism may be 
mentioned staDnic iodide, Sul, ; ii'oii disulphide, FeS, 
(pyrites) ; cobalt arsenide, CoAs, (cobaltite) ; cobalt- 
glance, {Co,F6)AaS ; alum, feiR(SO,). + 12 aq. 

Iiioltned-&ce or Tetrahedral Hemihedrism. The selec- 
tion of planes by alternate octants vAW produce geo- 
metrically new forms from all holohedrous whose faces 
belong exclusively to single octauts. A glance at 
Plate I will show that there are four types of isometiic 
forms of which this is true : the hexoctahedron, trisoc- 
tahedrou, icositetrahedrou, and octahedron. 

The hexoctahedron yields, in this way, two congru- 
ent half-forms, bounded by twenty-four similar scalene 
triangles (Figs. 88 and 89). Both edges and solid angles 




are of three kinds. These forms are called hextdra- 
Itedtons, and their symbols ai'o written 

+ —5-, k\1M\ and s--, K\hM\. 

The trisoctfthedroB, by the same method of selection 
of its planes, yields two cougrueut half-forms, bounded 
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by twelve Bimilar trapeziums, intersecting in tliree 
kinds of solid angles and two sorts of edges (Figs. 90 




and 91). Tliey are known as fdragonal trtstetrahedrona, 
tlieir symbols being 



+ - 



<{AAZj 



and — 



mO 



K\hU\. 



The corresponding half-forms developed from the 
icositetrahedron are bounded by twelve uimilar isos- 
celes triangles, intersecting in two kinds of edges and 




solid angles (Figs. 92 and 93). These are called trigo- 
nal trtstetrahedrona* their symbols being 

-| — Q — , K\nkk\ and 5—, xlkkk]. 

• The trigonal tristctrabeiiron ia also called the Ir^ondodecahe^rrm 
oxpyramid-telraliedroii; while Ihc telmgooal tristelrahedronia known 
R8 the dtlloid dodeeaA^aron. It is well to call attention to tlie rescra- 
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The octahedron yields two coDgruent half-forms, 
which are the regular tetrahedrons of geometry. They 
are boanded by four equilateral triangles, intersectiug 
iu six aimilar edges and four equal trihedral angles 




(Figs. 94 and 95), These are the simplest crystal 
forms in any system which completely enclose space. 
Their symbols are 

+^, yfimi and -| K\ini. 

Apparently Holohedral Hemibedrons. It is evident 
that the three otlier isometric holohedrous (tetrahexa- 
hedron, rhombic dodecahedron and cube) whose planes 
belong equally to two contiguous octants can produce 
no new forma in the tetiahedral lieniiliedrisni, because 
the parts of their jilanes which disappear in one octiLiit 
are reproduced by the extension of tlio portions that 

btance between tbc p)aii(» of tlie luttcr licinlliudroti ami tliosu of Ibu 
hololicdmn from which the former is derived (icositctnibedrou); auil 
nice tena. If tliiM croM-rtseniblnnre In overlooked, confiidoii Is Hpt 
to arise in rcnicmberiiiglhe forms fnim which IhuM: two homihcdrous 
are developed. 
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remain in the next octant, and so on. Tliis will become 
clear by an inspection of the following figures (96, 97 
and 98). 







Symmetry of Tetiahedral Forms. In the geometrically 
new forms which are produced by the inclined-face 
or tetrahedral hemihedriem the six secondary planes 
of symmetry of the isometiic system remain, while its 
three principal planes of symmetry disappear. This 
may be most easily seen in the ease of the tetrahe- 
dron (Figs. 94 and 95), all of whose six iuterfacial 
angles are bisected by secondary planes of symmetry, 
corresponding in their positions to the faces of the 
rhombic dodecahedron. 

Tetrahedral Forms is Combination. A few of the 
more frequent tetrahedral combinations may be men- 




tioned. Pig. 99 shows the cube modified by the tetra- 
hedron. Both forms are, of coui^je, equally hemihedral, 
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althongh the cabe is Dot geometrically diffeient from 
its corresponding holohedron, Fig. 100 shows a posi^ 
tive and negative tetrahedron in combinatioii ; Fig. lOlj 
a tetrahedron (o), cube (A), and dodecahedron {d). Fig. 
102 shows a tetrahedron (o), its edges bevelled by the 

trigonal tristetrahedron, -| — sr~. f 1211} (/), and its an- 
gles replaced by the rhombic dodecahedron (d). Fig. 





103 shows the rhombic dodecahedron (d) combined 



with the trigonal tristetrahedron 



303 



^)3111 {q), 



as it sometimes occurs on zinc-blende. Fig. 104 gives 
another combinatiou, observed on the mineral boracite. 





It shows the rhombic dodecahedron (rf), cube (ft), posi- 
tive and negative tetrahedrons {o and o'), and negative 

202 
trigoual tristetrahedron, 5—, k j2Il| ®. 
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As prominent examples of tetrahedral crystalliza- 
tion may be mentioned : the diamond ; zinc sulphide, 
ZnS (zinc-blende); sulphide and selenide of mer- 
cury, HgS (metacinnabarite) and HgSe (tiemannite); 

tetrahedrite Eg(AsSb)aS, ; magnesium chloroborate, 
Mg,Cl,B„Ojo (boracite); and the sulpho-silicate, hel- 
vine. 

Limiting Forms of Isometric Hemihedrons. Hemihe- 
dral forms which have a variable parameter oscillate 
between limiting forms, like the corresponding holo- 
hedrons (p. 58). The pentagonal dodecahedron, for 
instance, approaches the cube in proportion as its pa- 
rameter, m, is increased ; and the rhombic dodecahe- 
dron, in proportion as it is diminished. So the trigonal 
tristetrahedron oscillates between the tetrahedron and 
the cube ; and the tetragonal tristetrahedron, between 
the tetrahedron and rhombic dodecahedron. All three 
hemihedral derivatives of the hexoctahedron vary be- 
tween the limits of all the other isometric forms. 
These relations are indicated in the three following 
diagrams : 

1. Gyroidol Hemi- 8. Pentagonal Hemi- 8. Tetrahedral Hemi- 

nedrism. hedrism. hedrism. 

As As Jk 

/ mh , \ / ±\2V \ / , ^M 




'OOUOO 



Tetabtohedral Division of the Isometbig Ststem. 

Tetartohedrism, or the independent occurrence of 
(me quarter of the ])lanes of a holohedral form (p. 40), 
may be regarded as due to the simultaneous develop- 
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ment of two sorts of hemihedrism. To discover wliat 
kinds of tetartohedrism may occur in any crystal sys- 
tem, we may therefore combine its hemiliedral selec- 
tions in every way possible and note which of the re- 
sults satisfy the required conditioiis. In the isometric 
system the result is the same, whichever two hemilie- 
drisms we combine. This will be evident upon an 
examination of the three adjoining figures (105, 106 
and 107) representing the three methods of hemiha- 




dral selection. Whichever two of these three figures 
we imagine superposed, the result is the same, viz., 
three alternate planes surviving in 
alternate octants, as shown in Fig. 
108. If we imagine the twelve white 
planes on this hesoctahedron to be 
extended nutil they mutually inter- 
sect, the result will be a new form, 
bounded by irregular pentagons. 
There must, of course, be four of 
these quarter-forms derivable from 
every liexoctaliedron. The two developed from the 
alternating planes of the same octants will be euautio- 
morphous (Figs. 109 and 110) ; and to each of these 
two forms there will be a congruent form, derived 
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from the sets of plaues in the other octants. The 
enantiomorphous pairs are distinguished as right- and 
left-handed, and the congruent pairs are distinguished 





as positive and negative. These quarter-forms are 
called tetrahfdral-pentagomd dodecahedrons. Thej are 
designated as follows : 

Positive right-handed, -| — j — r, k« jJiAj 

\ congruent 
Negative right-handed, - ^^r, ^ff jA^AM P^^"' 



r \m\ 1 



■mOn 



V congruent 



Negative left-handed, _ ?!!il^ ^, ^-^r j (H M P"''- 

The combination of a positive right-handed with a 
negative left-handed form, or mce versa, would produce 
the Av^mA ^araUel-face form). The union of the 
members of either congruent pair would produce the 
^pentogondl icositetrahedron (gyroidal form), while the 
union of the members of either enantiomorphous pair 
would produce the hexfetrahedron (inclined-face form). 

No other geometrically new form can result in the 
JBometric tetartohedrism. This will be made clear by 
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the following ten figui'eB (111-120) which show the result 
of the simaltaiieoiiB application of two hemihedrisma 




to each iBometric holohedion, aa 

well as the effect of a hemihe- 

drism different from its own, upon 

every hemihedroii. All of these 

forms may, however, be really 

tetartohedral on account of their 

molecular structure, even when 

externally they do not differ from hemihedral or holo- 

hedral forms. 
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Fio. 121. 



There are two ways oi recognizing a crystal as 

tetartohedral : (1) by identifying on 
it the faces of the geometrically te- 
tartohedral form ; or (2) by discov- 
ering on it faces of forms belonging 
to two different kinds of hemihe- 
drism. For instance, if we observe 
^ on the same crystal the tetrahedron 
(—0) and the pentagonal dodeca- 
hedron {p\ as may sometimes be 
done in the case of sodium chlorate (Fig. 121), we 
may conclude that the substance is tetartohedral, and 
therefore, that if the most gen- 
eral form occurred on it, it could 
be represented by but one quar- 
ter of its planes. 

Other substances showing iso- 
metric tetartohedral crystalliza- 
tion are : sodium bromate ; the 
nitrates of lead, barium, and 
strontium ; and uranyl sodium 
acetate, NaUO,(C,H30,)3, A 

manifold combination observed on a crystal of barium 
nitrate is shown in Fig. 122. It has the forms 

00 Oqo,|100| (a); -|, ktt jllll (o); 




+ ^,/c;rl311KZ); 
and -f -j^r, ktt \ 351 { {n). 



-^~K7r\2il\{s); 
-^r, K7r{2U\(h); 



\ 



CHAPTER IV. 

THE TETRA.GONAL SYSTEM.* 
HOLOHEDBAL DIVISION. 

Second Class ot Crystal Systems. The second class of 
crystal systems, defined on p. 44, comprises all the 
forms wluch possess a single principal plane of sym- 
metry. It is customary to place this principal plane, 
to which all of the secondary planes of symmetry are 
perpendicular, in a horizontal position. In a physi- 
cal sense, the symmetry of the two systems belonging 
to this class is the same, and the physical properties 
of all of their crystals are identical. Their differences 
of form are such as arise from the presence of ttvo 
lateral axes intersecting at 90°, or of three lateral axes 
intersecting at 60°. 

On account of its higher grade of symmetry it might 
seem more logical to consider the hexagonal system 
first. It is nevertheless deemed advisable to give the 
tetragonal system precedence, inasmuch as it is the 
easier of the two to understand ; and, at the same 
time, the more closely related to the isometric system. 

Symmetry. The distribution of the planes of sym- 



* Also called the quadratic, pyramichl, or quaternary system. 
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metry belougiiig to complete or holohedral tetragonal 
crystals is repreaented by Pig. 123, 
"I There is one priucipal plane of sym- 
metry (placed horizoDtally) which is 
intersected by four vertical aeeoudary 
. planes of symmetry. These latter 
meet at angles of 45°, in a common 
line — the priucipal axis of symmetry. 
Alternate secondary planes of sym- 
metry only are crystallographically 
Flo. 12a. interchangeable, while contiguous 

planes are not interchangeable. The interchangeable 
planes mnst therefore intersect at augles of 90°; and 
either pair of these may be regarded as determining, 
by their intersections with the principal plane of sym- 
metry, the directions of the two lateral axes. Which- 
ever two of the secondary planes of symmetry are so 
regarded are called the axial jrfanes, whUe the other 
two are then known as the ird&rmediate pktnes. 

Axes. The directions of the tetragonal axes of ref- 
erence are fully determined by the symmetry of the 
system. There must be one principal axis (German, 
Hanptaxe), normal to the principal plane of symmetry, 
and therefore vertical in its position. There must be 
two secondary or lateral axes (German, Neiettaxen), 
normal to the priucipal axis and to each other, whose 
position is determined by whichever pair of alternate 
planes of symmetry have been selected as axial pianos. 
The intersections of the other two secondary planes 
of symmetry with the principal plane determine two 
directions which are sometimes referred to as the 
intermediate axes {German, Zidscfienaxm). 

The directions of the tetragonal axes are therefore 
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the same as those of the isometric system ; their es- 
sential distinction from the , 
latter is, however, that while 
the lateral axes are still 
equal and interchangeable 
with each other, they are 
no longer interchangeable ^^ 



-fa. 



with the principal or verti- +«! 

cal axis. We must there- 
fore designate the vertical 
axis by a different letter, c, 
from that used for the lat- — ^ 

eral axes, although the use fiq. 124. 

of signs is the same as has been explained for the 
isometric system (Fig. 124). 

The Fundamental Form and Axial Eatio. The funda- 
mental or ground-form (German, Grundform) lias been 
defined (p. 47) as composed of those planes which 
intercept all the axes at their unit lengths. In the 
isometric system, the equality of all the axes precludes 
the possibility of more than one ground-form ; when, 
however, as in the present case, the lateral and vorti- 
cal axes are irrational multiples of each other, there 
may be a variety of fundamental forms in the same 
system, just as there may be a variety of irrational 
inequalities between the axes. The ratio existing 
between the unit lengths of the two unequal axes a 

and'c is expressed by the quotient -, where a is as- 
sumed as unity. This quotient is called the axial 
ratiOy and is a very important crystallographic quan- 
tity. The axial ratios derived from all forms occurring 
on crystals of the same substance under the same con- 
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ditioDS muBt, accordiug to tlio liiw of rationality of the 
iutHcea (p. 26), be ratioual rnultipleH of oue another, 
while those tlerived from forma on ciybtals of <lifiFer- 
eiit substancea are iiTational luultiplett of one another. 
Thus the axial ratio becomes a physical constant for 
all crystallized matter that is not isometric, and serves 
to identify it in the same way that specific gravity, 
hardness, or elasticity does. 

It is important to determine accurately the axial ratio 
for different substances. 
This is easily accomplished 
for tetragonal crystals if 
W6 know by measurement 
the values of eitlier of the 
inter facial angles belong- 
ing to the ground-form. 
Thus (Fig. 125) if we as- 
^ \ \ / / sume the length of the lat- 

•|Y ^\I/ ®^^ ^^^^ ** ^^ equal to 

0^^ •% unity, the length of e, ex- 

Ko. 1S5. pressed in terms of a, is = 

Ig b; while sin 6 = cotg A = eotg JX, or tg i = tg ^Z Vi. 
Mere inequality in the length of the intercepts on 
the lateral and vertical axes is not alone enough to 
constitute a tetrim;onal form. The ratio existing be- 
tween these unequal intercepts miist further be an 
irrational quantity. A plane,for instance, whose sym- 
bol is a : a : 2a has an uitercept on one axis which is 
unequal to those upon the other two axes, but this is 
the plane of an isometric form so long as the param- 
eter, 2, is a rational multiple of aU the axes. If, 
however, the parameter, 2, is only a rational multiple 
of the vertical axis, but au irrational multiple of the 
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lateral axes, the symbol must be written a : a : 2c, 
and the plane becomes truly tetragonal. Hence the 
axial ratio is an irrational quantity which is charac- 
teristic of a given chemical compound. 

When two or more tetragonal pyramids occur on 
crystals of the same substance, it is necessary to select 
one of them as the ground-form, and from this to cal- 
culate the axial ratio. It is not a matter of great impor- 
tance which particular pyramid is selected for this pur- 
pose, since, according to the law of rational indices, the 
intercepts of all planes on the same or equivalent axes 
must be even multiples of one another. The ratio 
between the intercepts of any plane on dissimilar axes 
must therefore always be the axial ratio, or some even 
multiple of it, for the particular substance to which 
the plane belongs. To secure uniformity in the choice 
of a ground-form, it is, however, customary to select 
as such the most common or most prominently devel- 
oped pyramid, or else one that is distinguished by 
some physical property like cleavage. 

Development of the possible Holohedral Forms in the 
Tetragonal System. The inequality in the unit lengths 
of the vertical and lateral tetragonal axes signifies 
that these axes are crystallographically dissimilar 
and not interchangeable — a fact which is also directly 
derivable from the symmetry of the system (]). 82). 
The most general parameter symbol for a tetragonal 
form is therefore 

na^ : a, : mc, 

which is evidently capable of only two permutations, 
if only a, and a, are interchangeable : 

na, : a, : Tnc and a^ : na^ : mc. 
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Hence the most general tetragonal symbol stands for 
two planes in each octant, or sixteen planes in all. 

The most general index symbol Qild) leads us to the 
same result, when only Ji and k are interchangeable. 
With every possible combination of signs, represent- 
ing the diflferent octants, we obtain 



Four upi^er octants. 


Four lower octants. 


hM hid hid 7M 


hid hid Ud 


khl kJd kU lU 


kU kJd m 



kU 

The same number of planes for the most general 
tetragonal form is also indicated by the symmetry of the 
system. From Fig. 123 we see that the five planes of 
symmetry divide space into sixteen similar sectants, so 
that any crystal face, oblique to all of these planes, ne- 
cessitates another in each of the other fifteen sectants. 

The other possible tetragonal holohedrons may be 
derived from the most general formula na, : a, : mc, by 
assigning limiting values to the two parameters, n and 
m. Inasmuch as it is customary to make the lesser 
lateral intercept equal to unity, the limiting values for 
n are one and infinity. Since . m, however, refers only 
to a single axis, its value may vary between zero and 
infinity. 

By assigning these limiting values first to one and 
then to hoth of the parameters, we obtain seven and 
only seven possible tetragonal form-types, which, as in 
the isometric system (p. 50), fall naturally into three 
classes, as follows : 

Class I. Forms with two variable parameters. 

1. m ^ w, general symbol becomes rui^ : a, : too. 

Class II. Forms with one variable parameter. 

2. n = 1, general symbol becomes a^ : a, : Tnc. 
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3. B = 00, general symbol becomes oo a, : a, : mc. 

4. m ^ CO, general symbol becomes n«, : a, : oo c. 
Class m. Forms with no variable parameter. 

5. ffl = CO and n = 1, general eymbol becomes 

a, : a, : coc. 

6. m = 00 and m = co, general symbol becomes 

00 n, : a, : CO c. 

7. m = and n = 1, general symbol becomes 

a, : a,\ Oc. 

Although identical in tlieir number, these tetragonal 
form-types do not correspond exactly with those of the 
isometric system in character, as we shall see from a 
more special description of the tetragonal holuhedrons. 

The Sltetragooal Pyramid. The most general tetrag- 
onal symbol, na, : a, : mc, stands for a double pyra- 
mid containing two planes in each 
octant (Fig. 126). The vertical in- 
tercepts for all the planes of this 
form must be the same, because 
the vertical axis is not interchange- 
able with the others. This form is ■ 
called the ditetragortcd pyramid. Like 
the most general isometric form, it 
has three kinds of edges and three 
sorts of solid angles. The edges which 
lie in the principal plane of symmetry 
are called basal edges and are all simi- 
lar. Those which connect the lateral and vertical axes 
are called polar edges, and are alternately dissimilar. 
The faces of the ditetragoual pyramid are all similar 
scalene triangles. Its symbol according to tlie nota- 
tion of Naumann is mPn ; its general index symbol is 

\ha\. 
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Tetragonal Pyramids of the First and Second Order. If, 

ill the imrnmuter »yitiboI of tlio most general tetni^- 
oiial form, n", : n, : mc, the parameter n be given its 
two limiting; values, ivhilo the pariiincter m is allowed 
to roiiittiii uucliiiiigeil, two new oiglit-Hitled pjraiuitlrt 
reHiilt which arc tho limiting form» of the diteti'agonal 
pyramid in two diivctions. 

If n l)u madn equal to unity, the 
forniuhibeconios((, : a, : vie, which rep- 
resents a form eiwOi of whose planeK 
0(;cu]ii(is a single octimt (Fig. 127). 
This is called the fclrtujoiud pyramid 
•fthi'Jirist onkr. Its fjices are similar 
isosceles triaiigU'S, and its edges and 
solid angles are botli of two kinds. 
Its symbols, accnnling to Naumoun 
and MUler, are ml' ami \hhl\. 

If, on the other hand, n be given 
*^'^- its maximum valiie, infinity, the for- 

mula becomes oo n, : a, : inc, which represents another 
tetragtmal pyramid, each of wliose 
planes is common to two octants 
{Fig. 128). This is called the 
tetragonal pyramid of the 3ecoTtd 
order. Its symbols, according to 
Kaumann and Miller, are mPca 
and \0U\. 

The diagram, Fig. 129, illus- 
trates the relations of the three 
tetragonal pyramids, as shown in 
their cross -sections. The inner 
square gives the position of the 
pyramid of the first order with ref- 
erence to the axes, and the outer square that of the 





XX 


X 


X 
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pyramid of the second order. The octagon betw 
these two squares gives the inter- 
mediate position of the ditetragonal 
pyramid. The pyramids of the first 
and second orders differ only in their 
relative positiona. The order of 
either depends entirely on which 
of the two pairs of interchangeable 
axes (p. 82) we select as lateral ases, _ 

No new type of tetragonal form is 
obtained by giving the vertical parameter, m, the value 
unity, because this is not a limiting value for the 
vertical axis. It is, however, customary to designate 
those pyramids whose vertical parameters are unity as 
unit pyramids. They do not in reality- differ from the 
other pyramids, any more than these differ among them- 
selves, since it is in a measure arbitrary which of the 
pyramids belonging to a substance is selected as the 
gronnd-form. Tlie parameter symbols of these unit 
pyramids are written Pre, P, and P oo ; and theii' indices 
\hkk\, jlllj and SlOlj. 

Tetragonal Prisms. If we give the lateral parameters 
of the tetragonal formula the values they possess in 



i 
I 



Fra. 130. Fro. IBl. Kici. laa. 

the throe typos of xiyramids, and, ut the same time, in- 
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crease the vertical parameter, m, to its maximum limit, 
iufiuity, three types of prisms will result, which cor- 
respond in all respects to the three pyramids, except 
that their planes are parallel to the vertical axis (Figs. 
130, 131, and 132). These are all open forms (p. 36) 
and they cannot therefore occur except in combination. 
Their relative positions are shown in Fig. 129. They 
are named, to accord with the corresponding pyramids : 
the ditetmgonal prism, ooPn, \hkO\ ; the tetragonal 
prism of the first order, ccP, jllOJ ; and the tetragonal 
prism of the second order, oo P ao, |100|. 

The last-named form, in spite of its being called a 
prism, really belongs to the type of pinacoids (p. 36) ; 
just as the pyramid of the second order really belongs 
to the type of prisms, since its planes are parallel to 
one of the axes. 

The Basal Pinacoid. The last of the seven possible 
types of tetragonal forms is produced by giving the 
vertical parameter, m, its minimum limiting value, zero. 
This causes all of the pyramidal types to merge into 
one plane whose position is that of the principal plane 

of symmetry (Fig. 123). When 
such a plane, whose parame- 
ter symbol is a, : a^ : Oc, is 
i divided into the pair of par- 

! ^^'— «^ allel planes necessary to pro- 

-aj ""t" ^^2 duce a holohedral form (p. 18), 

-ftf, ! they have the position shown 

i in Fig. 133, parallel to both 

lateral axes. These planes are 
of unlimited extent, and can 
^^^•'^- hence only occur in combina- 

tion with other forms. They are called basal pina- 
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caidsy and are designated in the notations of Naumann 
and Miller by the symbols OP, {001} (p. 29). 

Limiting Forms in the Tetragonal System. The rela- 
tion of limiting forms among the tetragonal holohe- 
drons may be illustrated by the following diagram, 
where m indicates a vertical parameter greater than 

unity, and — one less than unity. 

Pinacoid. 



OP 

1 




OP 

1 




OP 

1 


^i- 


... 


m 


- - - 




F 


- - - 


Pn 


- - - 


Poo 


mP 


- - - 


mPn 


- - - 


mPoo 



Pyramids. 



ooP 



I 
coPn - - - ooPoo Prisms. 



Limiting forms within a single system are produced 
by variations in parameters, until these reach a fixed 
or limiting value. This we have seen illustrated in 
both the isometric and tetragonal systems, and we 
shall find that it is equally true of all the other 
systems. There is, however, another way in which 
limiting forms may be produced, and that is by 
variations of the aocial ratio. In such cases the limit- 
ing forms always belong to another system, of a 
higher grade of symmetry than that possessed by 
the forms which tliey limit. For instance, the first 
of the two following figures (134) represents a 
tetragonal pyramid, which remains such as long as 
the vertical axis is either greater or less than the 
lateral axes, no matter how small the difference may 
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be. In the case of the iron-copper-sulphide, chal- 
copyrite, the ratio a : c is 1 : 0.9856 +, which is very 
Dear 1:1. If this limit were actually reached, how- 
ever, the form would cease to be tetragonal, and 
would become its limiting form in the isometric 
system — the octahedron (Fig. 135), whose interfacial 
angles are all 109° 28' 16".4, instead of 108° 40' and 





FiQ. 184. 



Fig. 135. 



109° 53' as they are in chalcopyrite. Many crys- 
tals approach so closely to their limiting forms in 
systems of a higher grade of symmetry that their 
true character can only be discovered by an examina- 
tion of their optical properties, or by some other 
physical test more delicate than the measurement of 
their interfacial angles. Such a close approach, on 
the part of any crystal, to a grade of symmetry 
higher than it really possesses is called by Tscher- 
mak psevdO'Symmdry. 

The Crystal Series. The whole sequence of possible 
tetragonal holohedral forms, as above developed, 
may evidently belong to a single set of axes. In 
other words, their nature and existence is dependent 
upon the symmetry of the system, but is not depend- 
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ent Tipon the axial ratin. But such planes only can 
occur on crystals of a given subbtance as satisfy the law 
of rational indices for its particular axial ratio. Inas- 
much, however, aa there are as many distinct axial 
ratios in the tetragonal system as there are chemical 
substances crystallizing with the tetragonal symmetry 
(p. 82), it is plain that each substance has its own 
tetragonal forms which represent the same types as 
those of other substances andyet which differ from them 
ill their exact axial inclinatious and interfacial angles. 

Such a difference necessitates the introduction of a 
new group of crystal forms called the Crystal Series. 
This may be defined as the sum of all the crystal 
forms which are possible ujjon the same set of axes or 
with the same axial ratio. Each series may contain a 
complete representation of all the types of forms, 
while the number of different aeries is equal to the 
number of different substances crystallizing in the 
system. 

In the isometric system it is evident that distinct 
crystal series are impossible, since for eiU substances 
the axial ratio is the same. 

Holohedr&l Tetragonal Forms in Combination. The 
simpler tetragonal combinations are readily intelli- 
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gible, as will l>e seen from tbe accompanying illustr&- 
tious. Fig. 136 shows the union of a pyramid ami 
prism of the same order, while Fig. 137 gives the re 
suit of a uuiou of the same forms belonging to differ. 
ent orders. The next three figures show combinations 
of pyramids of the firet and second orders— Fig. 138 




when tbe two have equal vertical parameters ; Fig. 

139 when the pyramid of the second order is the 
more obtuse, and Fig. 140 when 
it is the more acute of the two 
forms. 

The four succeeding figures 

represent certain more complex 

tetragonal combinations. Fig. 

141 shows a crystal of manga- 

""■ '*"■ nese dioxide, MnO, (polianite), 

bounded by the unit pyramid of the second order, 
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F 00, f lOli (e), the ditetragonal pyramid 3P|, S321| (z), 
and the ditetragonal prism od P2, j210| (A). Fig. 142 
representB a crystal of boron with the uuit pyramids 
of both orders, P, \U\\ (o) and Poo, jlOli (o'), the 
steeper pyramid of the first order, 2P, |221} (2o), and 
the prisms of both orders oo P, |110( (m) and <x> P ix>, 
|1005{m'). Fig. 143 gives the planes observed on a crys- 
tal of hydrous nickel sulphate ; the basal pinacoid, (c) ; 
three pyramids of the second order, (m), (o) and {q) ; 
two pyramids of the first order, (n) and {p) ; and the 




prisms of both first and second orders, (r) and (s). Fi- 
nally, in Fig. 144 we have a very complex combination 
of thirteen tetragonal forms occurring on the mineral 
vesuvianite : the prism of the first order, (d) ; prism 
of the second order, {M) ; basal pinacoid, ( s) ; three 
pyramids of the first order, P, jlll| (c), 2P, S221f (6), 
and 4/*, j441 j (r) ; two pyramids of the second order. 
Poo, jlOli {o) and 2P«, j201| («) ; the ditetragonal 
prism, 00 P2, S 210 } {/) ; and the four ditetragonal 
pyramids, 2P2, j 121 j {«), 4P4, J 141} (a;),4P2, J 241} (e), 
and|P3, !132j(a). 

As other examples of holohedral tetragonal crystal- 
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lizfttioE may be mentioned stanuic oxide, SqO, (caasit- 

erite) ; titanium dioxide, TiO„ in two of its forms, rutile 

and auatase ; zircon, ZrSiO, ; tlie chloride, iodide, 

and cyanide of mercury; and tlie hydrous silicate, 

apophyllite. 

HEKIBEDBAL DlTIBIOlT OF TEE TXTHAOONAL STSTEX. 

Possible Kinds of Tetragonal Hemihedrism. A careful 
inspection of the moat general tetragonal form — the 
ditetragonal pyramid — shows that it is possible to 
select one half of its planes in three different ways so 
as to satisfy the conditions of hemihednsm given on 
p. 41. These tliree methods of selection give rise to 
three distinct kinds of hemiliednsm, which are closely 




analogous to the three kinds of isometric hemihedrism. 
Tho possible methods of selection are represented in 
the three annexed figures (145, 146 and 147). They are 
(1) by alternate planes, (2) by pairs of planes inter- 
secting in the principal plane of symmetry, and (3) by 
alternate octants. 

The first produces forms devoid of all symmetry 
and therefore enantiomorphous. It is called the 
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trapezohedral hemihedrism. The second produces forms 
having one principal, but no secondary planes of sym- 
metry, and is called the parcdld-face or pyramidal 
hemihedrism. The third produces forma having two 
secondary, but no principal planes of symmetry, and 
is called the indirted-face or sphenoidal hemihedrism. 

Trapezohedral EemihedriBm. The extension of al- 
ternate planes of the ditetragonal pyramid until 
they intersect produces A. 

an asymmetrical fignre //iu\ 
bounded by eight similar / ' 1 \ 
trapeziums, which meet / 1 / 

in three kinds of edges \^y'''^\J 
and two kinds of solid X / 

angles. Two similar but \ \ y 
enantiomorphous forms ^vj 

of this kind are derivable ^la. us. fio. i4b. 

from every ditetragonal pyramid (Figs. 148 and 149). 
They are called tetragonal trapexohedrons. Their gen- 
eral symbols, according to Naumann and Miller, are 

•^r, r|Mi and "^ I, ,|SH1. 

It is evident that no other new form can result by 
this method of selection from any of tlie more special 
tetragonal forms, because, in each of them, the planes 
correspond to at least two contiguous planes of tlio 
most general form. 

This mode of crj-stallization has never been ob- 
served on natural miiierals, but it has several repre- 
sentatives among orf^anic salts. Examples of these are 
sulphate of stryiOiiiinc, sulphatis of ethyleufidiitiiiine, 
carbonate of guanidiiio, aiiddian^yliihi^noljihthaleiu 
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Pyramidal Hemihedrism. The extension of alter- 
nate planes on the upper half of the ditetragonal 
pyramid, and of those directly below them on the 
lower half, as indicated in Fig. 146, p. 96, must pro- 
duce a tetragonal pyramid, which is in all respects 
like that of the first or second order, except in its 
position. While the two holohedral tetragonal pyra- 
mids differ 45° in their positions, this hemihedral 
tetragonal pyramid, called the pyramid of the third 
order, occupies an intermediate place, which is deter- 
mined by the exact parameters of the ditetragonal 

pyramid from which it is de- 
rived. This may be best illus- 
trated by the adjoining diagram 
(Fig. 150), which shows the rela- 
tive positions of the tetragonal 
pyramids in cross-section, like 
Fig. 129, except that the alter- 
nate faces of the ditetragonal 
form have here been extended to 
intersection. The new square thus formed represents 
the cross-section of the pyramid of the third order. 
The symbols of the corresponding half-forms deriv- 
able from any ditetragonal pyramid are 




FiQ. 150. 



+ 



FmPn 






0. 



7t\kM} 



and — 



m. 



7t\hJd\. 



The same modification is produced by this method 
of hemihedral selection upon the ditetragonal prism, 
since each of its planes corresponds to the pair of 
planes selected on the most general form. Thus two 
hemihedral prisms of the third order result from each 
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ditetragonal prism, whose intermediate positions are 
likewise shown by Fig. 150. Their symbols are 

+ [^^], n\kh!d\ and -['^^J* ^{AJW}. 

If we compare the other tetragonal holohedrons with 
the most general form, we shall readily see that each 
of their planes corresponds to two contiguous planes 
in the upper half of the crystal, and hence that both 
pyramids and prisms of the first and second order 
must reproduce themselves in the pyramidal liemihe- 
drism without geometrical alteration. Two new forms 
only are possible by parallel-face hemihedrism in the 
tetragonal system, as was also found to be the case 
in the isometric system. 

The tetragonal forms of the third order manifest 
their true character in combination with other forms, 
as may be seen in the following examples. Fig. 151 
shows a crystal of lead tungstate, PbWO^ (stolzite), 
bounded by the unit pyramid of the first order, 
Py {111} (o), and by the prism of the third order, 

+ — o^ I ^{430} {p). Fig. 152 represents a crys- 
tal of yttrium niobate (fergusonite) with the basal 
pinacoid, OP, {001} (c); the unit pyramid, P, {111} (s); 
and the pyramid and prism of the third order, 

- [^^], 'r{23i; {z) and - [^], ^^1230} (r). 

Fig. 153 shows a combination of forms sometimes ob- 
served on the silicate scapolite, with the unit pyra- 
mid, P, {111} (o); the prisms of the first and second 
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orders, 00 P, {110| (iJf ) and oo P oo, {100} (ft); and the 






Fio. 151. 



Fio. 152. 



Fig. 158. 



Other examples of tetragonal substances showing 
pyramidal hemihedrism are calcium tungstate, CaWO^ 
(scheelite); lead molybdate, PbMoO^ (wulfenite); 
hydrous magnesium borate, MgBgO^ + ^aq (pinnoite) ; 
erythroglucin (C^H,„0^) and toluenesulphonamide. 

Sphenoidal Hemihedrism. The selection of planes 
by alternate octants, as indicated by Fig. 147 on p. 96 
for the sphenoidal hemihedrism, can produce only two 
geometrically new forms in the tetragonal system, 

since on only two holohedrons 
of this system do the planes 
belong exclusively to a single 
octant. These two forms are the 
ditetragonal pyramid and the 
pyramid of the first order. 

The result of extending the 
pairs of planes occupying alter- 
nate octants on the most general 
FiQ. 154. form until they intersect is 

shown in Fig. 154 The figure thus produced is 
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bounded bj eight similar scalene triangles, intersect- 
ing in three sorts of edges and two sorts of solid 
angles. It is called the tetragonal scalenohedron. The 
two forms resulting from the extension of the two 
halves of the ditetragonal planes are similar and 
congruent (p. 67). They may be made to coincide bj? 
revolving either one through 90° about its vertical axis. 

^, . , , , mPn ,-„^ _ mPn • ,7,, 
Their symbols are-j — ^, K{hM} and ^ , K{nM\. 

The survival of alternate planes on the pyramid 
of the first order is analogous with 
that of the corresponding planes on 
the isometric octahedron to produce 
the tetrahedron (p. 73). The result 
is a form bounded by four isosceles 
triangles, intersecting in two sorts 
of edges and with one kind of solid 
angles (Fig. 155). This is called the 
tetragonal sphenoid, and the symbols of 
the two congruent half- forms are fiq. 155. 

+ --^, K{hhl\ and ^, K{JJd}. 

The sphenoid is well calculated to exhibit the in- 
clined-face character of this hemihedrism. There are 
acute and obtuse sphenoids, according as the vertical 
axis is longer or shorter than the lateral axes, and 
between these two classes the isometric tetrahedron 
Btands as a limiting form of each. 

These two new sphenoidal hemihedrons have lost 
the three axial planes of symmetry belonging to the 
tetragonal system (Fig. 123), but they retain the two 
intermediate planes of symmetry. 
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All other tetragonal forms must appear on crystals 
of sphenoidal substances as apparent holohedrons, 
because they are incapable of geometrical modifica- 
tion by this method of selection. 

As examples of sphenoidal crystallization may be 
cited the iron-copper-sulphide, FeS,Cu (chalcopyrite) 





FlQ. 156. 



Fio. 157. 



(Fig. 156, ± ^) , and urea (CH,N,0) (Fig. 157, OP (c), 

p \ 

CO P (m), and + -^ (^)« J 

Tetartohedrism in the Tetragonal System. The simul- 
taneous occurrence of two different kinds of tetragonal 
hemihedrism is theoretically capable of producing 
totai*tohedral forms, which may at any time be found 
on natural crystals. A consideration of Figs. 145, 140, 
and 147 (p. 96) will show that the superposition of the 
last upon either of the other two will produce a sur- 
vival of one quarter of the holohedral planes in such 
a manner as to satisfy the conditions of tetartohedrism 
(p. 41) ; while the superposition of the second of these 
figures upon the first will produce hemimorphism in 
the direction of the vertical axis. 
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The tetartohedrism produced by the union of the 
trapezohedral and sphenoidal hemihedrisms (Figs. 145 
and 147), wliich is sometimes called the rhombotype 
tetartohedrism, is practically equivalent to sphenoidal 
hemihedrism in the orthorhombic system (p. 155). 

Since there are no representatives of tetragonal 
tetartohedrism known at present we need not further 
consider this subject, especially as the analogous 
cases in the succeeding (hexagonal) 
system require description on account 
of their frequent occurrence. 

Hemimorphism in the direction of 
the principal axis may occur either 
on holohedral or hemihedral forms. 
Trapezohedral and pyramidal hemi- 
hedral forms give identical results when 
modified in this way, while sphenoidal 
hemihedral forms, if hemimorphic, Fio7i6a 

would be practically identical with orthorhombic 
hemimorphic forms (p. 156). 

Hemimorphism in the direction of the vertical axis 
has, however, been observed on crystals of one te- 
tragonal salt, iodosuccinimide (C,H,0,NI), one of 
whose combinations is represented in Fig. 158. Its 
forms are oo P, jllO} (p), terminated at one end by 
2P, 1 221 1 (o) and P, jlU} {n)\ and at the other by 
2P, J221| (o)only. 




CHAPTEB V. 

THE HEXAGONAL SYSTEM. 
HOLOHEDBAL DlYISION. 

Relation to the Tetragonal System. The physical iden- 
tity aud close geometrical relationship of crystals be- 
longing to the class of systems which is characterized by 
a single principal plane of symmetry has already been 
alluded to (p. 81). The differences between hexagonal 
and tetragonal forms are not slight, but they are all 
differences which arise from the presence of three, in- 
stead of tioo lateral axes of reference. In all other re- 
spects the forms are alike ; and for every one which is 
possible in one system, a perfect analogue exists in the 
other. If, therefore, the essential difference in the axes 
can be made clear at the outset, very much that has been 
said in the preceding chapter with reference to the te- 
tragonal system will be found to be equally applicable 
to the hexagonal. On account, however, of the greatly 
increased importance of hemihedrism and tetartohe- 
drism in the latter system, these subjects must be 
treated somewhat more fully in this chapter than 
they were in the last. 

Symmetry. The hexagonal symmetry belonging to 
holohedral forms differs from that in the tetragonal 
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Bystem only in having six vertical secondaiy pliiues, 
meeting at angles of 30° (Fig. 159), instead of four 
secondary planes meeting at anglee of 45° (Fig. 
123, p. 82). Here also only alter- 
nate secondary planes are cryatal- 
lograpliically equivalent and inter- 
changeable, so that we have again 
two sets of three axial and three iiiter- 
laediate vertical pliines of symniutiw 
The principal and axial planes ( >f 
symmetry together divide space ini'i 
twelve similar wedge-shaped aectaiils, 
called dodecantH, which are analoguus ''"' '■'■' 

to the isometric and tetragonal octants. 

Axes. The directions of the hexagonal axes of ref- 
erence are determined by the planes of symmetry, 
just as (hey are in the tetragonal system. The prin- 
cipal axis of symme- 
try (c) is employed as 
the vertical axis, while 
the intersections of 
either of the two sets 
of secondary planes 
of symmetry with the 
]>riucipal plane give 
three equal lateral 
axes, alt normal to 
the principal axis and 
iDclined 60° and 120° to one another. It is custom- 
ary to designate the equal lateral axes by the letters 
i, a, and n, , in the order indicated in Pig. 160 ; and 
» assign to their extremities, alternately, pins and 
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minus signs, as first suggested by Bravais.* The in- 
tersections of the intermediate planes of symmetry 
with the principal plane give three additional direc- 
tions which bisect the angles between the lateral axes 
and may be called the intermediate axes. Their posi- 
tion is shown by the dotted lines in Fig. 160. 

The Fundamental Form and Axial Satio. The signifi- 
cance of these terms has already been fully explained 

_a, in speaking of the tetrag- 

onal system. The hex- 
agonal fundamental or 
ground-form is bounded 
by planes which inter- 
sect the principal and 
two contiguous lateral 
axes at their unit lengths. 
This necessitates each 
+ai —a, plane being parallel to 

'^°-^®^- the remaining lateral 

axis, as will be clear from the adjoining cross-section 
of the ground-form (Fig. 161). The parameter sym- 
bol of such a form must therefore be a^ : — a^ : oo a, : c ; 
and its index symbol, 1 1101 \ . The indices of the twelve 
planes bounding the complete form, designated by 
their particular signs, are 

(above) 1011 0111 1101 1011 0111 1101 

(below) loil 0111 iioi ioii oiil liol 



— flt 




* Other authors have employed other sets of axes for the hexago* 
nal system. Bchrauf used onJy three, at right angles, the ratio be- 
tween the two lateral axes being 1 : V8. This he called the artho- 
hexagonal system. Miller used three axes parallel to the edges of 
the fundamental ihombohedron. 
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TLe axial ratio for a given substance may be calcu- 
lated {rom an; hexagonal 
pyramid that ia assumed 
as its ground-form, just 
as in the tetragonal sys- 
tem. The only differeuca 
between Fig. 162 and Fig. 
125 (p. 84) is that the 
side a of the spherical 
triangle is 60° instead of 
45°. The value of the 
axis c, in terms of the lat- ^°- "*■ 

eral axis a, is equal to tg & ; while i% B = i^ B Vj, or 
sill b = cotg A V3, where B is one half the basal edge 
of the pyramid, and A one half ite polar edge. 

Development of the possible Holohedral Forms in the 
Hexagonal System. This is strictly analogous to the 
development of holohedral tetrt^^onal forms (p. 85). 
The most general parameter formula is 

na, : — a, : pa, : mc ; 

but, inasmuch as the three lateral axes are fixed in their 
mutual inclinations at 60°, the intersectiou of two of 
them by any plane, at distances n and 1 from the centre, 
determines the point of intersection on the third axis 



n-1 



from the centre.* Hence 



by the same plane, as 

the most general hexagonal formula becomes 



• For proof of Ihis M 
ug, p. SIS (18761. 



RIeiii'B Giiileltuub' lu die Kryslallberech- 



108 CR7STALL0GRAPUY. 

which, like the most general tetragonal formula, con- 
tains only the two variables m and n. 

The limiting values for the vertical parameter m are 
zero and infinity, as in the tetragonal system (p. 86). If 
the shortest of the three lateral intercepts be assumed 

as unity and the intermediate one 
be designated by w, then the limit- 
ing values for the variable lateral 
parameters must be w > 1 and < 2, 

w 

and 5 > 2 and < oo . An in- 

n — i 

.a^ spection of Fig. 163 will make this 
clear. The shortest of any three 
i i+ifl— £flj finite intercepts for the same plane 
\% must be intermediate in its posi- 

tion between the other two. If we 
^^^- '^ vary the position of any plane 

about its shortest intercept (here — a,), so that its 
intercepts on the other axes receive different values ; 

then, when n = 2, r = 2 also ; if now n be dimin- 

ished, ^ ^ will be proportionately increased, until 
when 71 = 1, 7 =00, 

'71— 1 

From the foregoing we see that, without the use of 
signs, only two permutations of the most general for- 
mula are possible : 

na. : a, : =^ a, : rnc and =• a,\a^\ na^ : mc. 

These correspond exactly to the two permutations 
of the most general formula possible in the tetragonal 
system (p. 85). They indicate that the most general 
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hexagonal form contains but two planes in a dode- 
cant, and that it is therefore bounded by twenty-four 
faces. This is also the number of sectants into which 
all of the holohedral planes of symmetry divide space 
(p. 105). 

By assigning limiting values to one or both of the 
parameters we find that there are seven types of hex- 
agonal holohedrons which are entirely similar to those 
of the tetragonal system (p. 86). 

Glass I. Forms with ttoo variable parameters. 

L m ^ 91, general symbol becomes 

n 
* • w — 1 • 

Glass n. Forms with one variable parameter. 

2. n = 1, general symbol becomes a, : a, : oo a, : mc. 

3. 71 = 2, general symbol becomes 2a, : a, : 2a, : mc 

4. m = 00, general symbol becomes 

n 
na'.a^: =■ a, : oo o. 

* • 71—1 • 

Glass in. Forms with rio variable parameter. 

5. 711 = 00 and 7i =1, general symbol becomes 

a^ : a, : 00 a, : 00 c. 

6. 711 = 00 and 7i = 2, general symbol becomes 

2a, : a, : 2a, : 00 c. 

7. 711 = and 7i = 1, general symbol becomes 

a, : a, : 00 a, : Oc. 

The Dihexagonal Pyramid. The two planes of the 
most general hexagonal form belonging to each dode- 
cant combine to form a double pyramid bounded by 
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tweuty-fonr similar scalene triangles. It is entirely 
analogous to the most general tetrag- 
onal form (p. 87), and is therefore 
called the dihexagonal jn/ramid (Fig. 
164). This pyramid has three sorts of 
solid angles and three sorts of edgea 
Its polar edges must always be 
alternately dissimilar, because that 
particular case where they would be 
equal iuvolves the irrational parameter 
sin 76". /a = 1.36666 +, and is there- 
fore erystallographically impossible. 

Inasmuch as one of the two variable lateral param- 
eters, n and r, always determines the value of 

the other, it is only necessary to write one of them in 
the abbreviated symbol. The usEige of Naumann is to 
write the smaller of the two, n, so that his symbol for 
the dihexagonal pyramid is mPn, like that for the di- 
tetragonai pyramid, except that n can here never have 
a value greater than 2. 

If we employ the designation of the hexagonal axes 
suggested by Bravais (p. 106), the moat general expres- 
sion for the indices of any plane becomes {hikl), in 
which the first three values refer to the lateral axes. 
At least one of these three lateral indices must in every 
case be negative, and their algebraic sum is always 
equal to zero, A + i + ft = 0.* 

There is a difference in the usage of different authors 
as to which particular index (the largest, medium, or 
smallest) a particular letter, h, i or k, represents. We 

* Foi deiuuDstnktioD of thla, see Giotb's Phyalkallsche Kryatallo- 
graphie, 2d £d., p. 816. 
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.11 follow the usage ot GroUi iu designating tlie 
■nttmericallj largest indes (^correapondiug to tlie short- 
est intercept) by the letter h, j_^ 
the medium index by k, and 
the smallest by i. Hence, 
without regard to signs, 
•ik>h>k>i. (Fig. 165.) 

The order in which the in- 

are written in the sym- ^°- 1"*- 

il of a particular plane is always that given above for 
a, : », : dj : c. Whichever of the lateral indices 
(/(j i or k) refers to the axis a, must be written first, etc. 
Suppose, for example (Fig. 166), a plane cuts the three 
lateral axes with the parameters f «, : 3(i, : — «, ; then 
Mb indices, or the reciprocals of the parameters, become 
f , \, i or 213, which corresponds to the order Mli. 

The index I, referring to the vertical axis, is invari- 
ably written last ; thus the general index symbol for 
the dUiexagonal pyramid becomes {Idkll or jAi'J?}, 

where A = — (l-f- ft) ; w = j and m = y. 

From what has just been stated it will be clear that 

the general index symbols for the twelve upper planes 

of a dihexagonal pyramid, commencing with the front 

dodecant and passing around to the left, must be 

UU hill ilM kihl U-il IhU 

foM kJiil iliM hiH khil ikhl 

The indices of the twelve lower planes will be the 

same with a negative sign over each L 

Hexagonal Pyramids of the First and Second Orders. 
These are obtained just as in the tetragonal system 
by giving the limiting values, 1 and 2, to the lateral 
htneter n of the general formula. 
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Pio.ie«, 



The first of these ralnes yields the parameter sym- 
bol a, : a, : 00 a,: mc, which stands for a double hex- 
agonal pyramid (Fig. 166). This 
form is bounded by twelve similar 
isosceles triangles, each of which 
occupies one dodecant and there- 
fore corresponds to two contigu- 
, oas faces of the most general 
form. There are two kinds of 
edges, basal and polar, and two 
kinds of solid angles. The lateral 
axes terminate in the solid angles, 
which determines this pyramid, 
like its corresponding tetragonal form (p. 88), to be of 
the first order. Its general abbreviated parameter 
and index symbols are mP and jAO^{. For the 
special case of a hexagonal pyramid of the first order 
whose vertical parameter is unity, we have the ground- 
form of the system (p. 106) whose symbols are F and 
ilOll|. 

The asfflgning of the maxi- 
mum limit to n produces the 
parameter symbol 

2a, : a, : 2a, : mc, 

which represents a hexagonal ' 

pyramid identical with that last 

described in all respects but 

position (Fig. 167). The lateral 

axes here terminate, not in the 

solid angles, bat in the centers 

of the lateral or basal edges, which marks the form as 

one of the second order. Its symbols are mP2 and 
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.Iclclil] ; or, for the special case where the Tertical 
parameter is unity, P2 and )1122j. 

The diagram (Tig. 168) ia intended to exhibit the 
relative poaitious of the three hexagonal pjraiiiida iu 
crosB-aection. The inner hexagou 
corresponds to firat-order forms, 
and the outer one to secoud-ordsr 
f{)rms, while the intermediate do- 
decagon represents the position 
of dihexagonal forms (cf. Fig. 129, 
p. 89). The values o£ the first- , 
and second-order forma wouUl, of 
course, be reversed if we chose 
to select the set of intermediate ^"*- "*. 

axes (dotted lines) as axes of reference. 

Hexagonal Prisms and Basal Finacoid. These are ao 
strictly analogoua to the correapondiug forms in the 
tetragonal system that they require but a word of ex- 
planation. The three prisms are derived from the 
three possible types of pyramids, by giving its maxi- 
mum value, infinity, to the vertical parameter. (Figs. 
169, 170, and 171.) 



r^I?l 





cdrii* 



Fio. IGS. Fia. 170. Fio. 171. 

se forma are ail open, i.e. do not of theniselvea 
ipaoe, and are here represented as of indefi- 
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nite extent, instead of in combination with the basal 
pinacoid, as are the corresponding figures (130, 131, 
and 132, p. 89) of the tetragonal system. The names 
and symbols of these prisms agree with those of the 
pyramids from which they are derived: dihexagonal 
prism (Fig. 169), oo Pn, \hikO\ ; hexagonal prism of the 
first order (Fig. 170), oo P, JIOIO} ; hexagonal prism of 
the second order (Fig. 171), oo P2, |2ii0}. 

The hexagonal basal pinacoid (Fig. 172) is quite the 

same form as its tetragonal ana- 
logue (Fig. 133, p. 90). Its sym- 
bols are OP, 1 0001 1 . 
Limiting Forms in the Hexagonal 
"^ System. The complete corre- 
spondence between the tetragonal 
and hexagonal systems is further 
illustrated by the following dia- 
gram of the limiting forms. It 
differs from that given on p. 91 only in the fact that the 
maximum limit for the lateral parameter is two instead 
of infinity. 






Fio. 172. 
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Holohedral Hexagonal Forms in Combination. The 
simpler hexagonal combinations are as readily intelli- 
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^ble as those in the tetragonal system. Ponr of the 
seven possible holohedral types are open forms and 
therefore cannot occur uucombined. 

The prisms may be elosed by either the basal pina- 
coid (Fig. 173); by a pyramid (Fig. 174); or by both 




together. A hexagonal prism truncates the basal 
edges of a pyramid of the same order {Fig. 174), and 
the basal angles of a pyramid of the opposite order 
(Fig. 176). (Of. Figs. 136 and 137, p. 93.) A pyramid 





of the first order has its polar edges truncated by the 
faces of a pyramid of the second order whose vertical 
parameter is equal to its own (Fig. 176), Just as in the 
tetragonal system (cf. Fig. 138, p. 94). The polar 
jmgles of any pyramid are bevelled by the faces of a 
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more obtuse pyrjiiiiid (Figs. 177 aiul 178) ; or its 1; 




edges are bevelled by the pluues of a more acute 
pyramid of the same order. 

A more complex hexagonal combination is repre- 
j. .- 5-— r-a >_ ^ sented in Fig. 179, as it is Bome- 
times observed on crystals of beryl. 
Tills shows the basal pinacoid, 
OP, 1 0001 i (c); the prism of the first 
order, oo P, (lOlOf (m) ; two pyramids 
of the first order, P, jlOii; (o) and 
2/*, J 202l } (o') ; a pyramid of the sec- 
ond order, 2P2, ! ll'2l \ (g) ; and a di- 
hexagonal pyramid, 3Pf, jS^llf («). 

The number of substances known 
to exhibit holohedral hexa^iional crys- 
tallization is very small. Among them may be men- 
tioned the elements maguesiuui, beryllium, zinc, cad- 
mium ; the beryllium silicate, beryl (emerald); the 
aiitimouo-silicate of manganese and iron, Langba- 
nite ; pyrrhntite (magnetic pyrites, Fe,8,); and, at high 
temperatures, tridymite, SiO,. 

Partial Hexagonal Forms. Partial crystal forms pro- 
duced by hemiliedrism, tetartohedrism, and hemimor- 
phism attain their maximum importance in the hex- 
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agonal uystoni. As has been just remarked, only a 
very small proportiou of liesdgouiLl sabataniiea possess 
the complete iiololiedral symmetry, and hence the 
various subdiviaions of partial forms are here deserv- 
ing of pailaeular attention. One of these, indeed — the 
rhombohedral — has, on account of its extremely fre- 
quent occniTence, been regarded by many authors as 
a ibstinct system. 

Hemiheoeal Ditisiok of the Hexagonal Systzk. 

Fouiible Kinds of Hexagonal HemihedrlBin. There are 
three ways in which one half of the planes of the di- 
hexagoual pyramid may be selected so as to satisfy 
the conditions of hemihedrism. These three ways cor- 
respond inecieely with the three methods of hemihe- 
dral selection applied to the ditetragonal pyramid, as 




may be seen by comparing Figs. 180, 181, and 182 with 
Figs. 145, 14G, and 147 on p. 96. 

The lirst method of selection ia by alternate planes 
of the most general form (Fig. 180). This produces 
new forms devoid of symmetry, and ia called, as in the 
preceding system, trapezoliedral hemUifdrism. The sec- 
ond method of selection is by alternate pairs of planes 
intersecting in the basal edges (Fig, 181). It produces 
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now forms with one principal, but no secondary planes 
of symmetry, and i8 called, as before, pyramidal hemi- 
hedrtam. The third method of selection is by alternate 
dodocauts (Fig. 182). This destroys all but the three 
intermediate secondary planes of symmetry, aiid is 
called rhomhokedral hemihedrism. 

Trapesohedial Hemihedriam. The extension of alter- 
nate planes ol the dihexagonal pyramid until they 
intersect produces a new half-form bounded by twelve 
similar trapeziums. The two figures resulting from 
the two sets of alternating planes are devoid of sym- 




Fio. 183. Fro. 184. 

metry, and are therefore enautiomorphous (Figs. 183 
and 184). They are called hexagonal trapezohedroris and 
are distinguished as right- and left-handed like their 
tetragonal analogues (p. 97). Their symbols are : 

— j:— r, TJH^I ; and - — Z, r\lald\. 

It is evident that none of the other hexagonal holo- 
hedrons can yield a geometrically uew form by this 
method of selection, because each of their faces corre- 
sp<mds to at least two contiguous faces of the general 
form. 

Ko example of trapezohedral hemihedrism has 
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been observed in the hexagonal system, with the pos- 
sible exception of triethyl trimesitate, C^^{CO^,G^^^. 
Apparently holohedral crystals of this substance show 
slight variations in their alternating angles, which 
may be accounted for on the supposition that they 
are hexagonal trapezohedrons with very large indices. 
Tliey may, however, also be regarded as pseudohex- 
agonal crystals which very nearly approach hexagonal 
limiting forms. 

Pyramidal Hemihedrism. The extension of the alter- 
nate pairs of planes on the dihexagonal pyramid 
which intersect in the basal 
edges, produces a hexagonal 
pyramid that differs from the 
holohedral pyramids of the first 
and second order only in its 
position. This is intermediate 
between the positions of the 
other two forms, since the axes 
terminate neither in the basal 
angles nor at the centers of the 
basal edges, but at some point in the latter, on one 
side of tlie center. This form is called the hexagonal 
pyramid of the third order. Its symbols are : 




Fig. 186. 



+ ['^^^]. .\MUl; 



and 



-[-?} 



7r\hrkl\. 



The position of this pyramid, relative to the two other 
hexagonal pyramids, is shown in the cross-section, 
Fig. 185, with wliicli Fig. 168, p. 113, should be com- 
pared. 

The planes of the dihexagonal prism correspond to 
the pairs of planes which alternately disappear from 
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the dihes^OQal pyramid in order to produce the pyramid 
of the third order. This prism must 
I therefore be capable of producing, by 
this method of selection, two corre- 
ppunding priams of the third order {Fig. 
186) which are related to the prism of 
the first and second order in the same 
J way that the pyramids of the third or- 
der are related to the other hexagonal 
pyramids (Fig. 185). The shortened 

parameter and index symbols of these prisms are : 

The pyramidal hemihedrism is also parallel-face 
(p. 42), as in the tetragonal system. The forms ol the 
third order have but oue plane of symmetry, which is 
the horizontal or principal plane. The two half-forms 
derivable from the same holohedron are therefore 
congruent, and one may be brought into exactly the 
position of the other by a revolution about its vertical 
axis through an angle depending on the value of the 
lateral parameter, n. 

None of the other hexagonal holohedrons are ca- 
pable of producing geometrically new 
forms by the pyramidal hemihedrism, 
for the reasons already stated for the 
analogous tetragonal forms on p. 99. 
These will, however, be made clearer by 
an inspection of the four following 
figures {187, 188, 189, and 190), which 
represent the hexagonal forms of the 
^rst and second order with their faces 
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sliaded to correspond to the pyramidal method of 
selection. On each figure a portion ol every face 





Fra. 191. 

The nine forms com- 
JOOOlf (/*); the prism 



survives, which is enough by its extension to repro- 
duce the form entire. 

Fig. 191 represents a com- 
plex combination of hexago- 
nal hemihedral forms pro- 
duced by the pyramidal se- 
lection. They are observed 
on crystals of calcium phos- 
phate, apatite (Ca.Cl(PO,).). 
prise the basal pinacoid, OP, 
of the first order, 00 /*, jlOlOj {M) ; prism of the second 
order, coi'2, S2ilO!(M), and prism of the third order, 
_rcoP|n ;,[3i205(A); three pyramids of the first 

order, ^P, 51012; (r),P,S10ili (x),and2P, S202l! {y); 
one pyramid of the second order, 2P2, { ll2l [ («) ; and 

one of tlie third order, -[^1. tSSISIJ (m). 

As other examples of this same method of crystal- 
lizatiou may be mentioned the three similarly consti- 
tuted compounds, pyromorphit«, Pb,CI{PO,)j ; mimete- 
sito, Pb,Cl(AsO,), ; and vauadiuite, Pb.Cl(VO^).. 



122 



CR rSTALLOORA PHY. 



Rhombokedral Hemiliedrism. The selection of hex- 
agnual plaueu by alteruate dodecants can prodace 
only two geometrically new forms, since on only two 
liolohedrous do the faces belong exclusively to single 
dodecants. 

The extension of the dihexagonal planes occupying 
alternate dodecants yields a 
new hemihedron, bounded 
by twelve similar scalene 
triangles, and called the 
hexagonal gccdejiohedron. The 
two corresponding half- 
' forms possess the three in- 
termediate planes of sym- 
nietrv and are consequently 
congruent. They have two 
sorts of polar edges, alter- 
nately more acute and ob- 

MO. IIB, Via. IW). , 1 -I il I 11 

tuse ; wliile the basal edges 
form a zigzag around each figure (Figs. 192 and 193). 
Tliese two forms are distinguished as positive and 
negative, and their symbols are written : 




, mPn 



K\}ald\;- 



and 



mPn 



{ikTd\. 



A scalenohedron whose polar edges are equal is crys- 
tallographically impossible, for the reason already 
given for the dihexagonal pyramid (p. 110). 

* The Greek letlrr tc (KXivoi, Inclined} ia retained lo designate 
the Indices of tliis bemiliedrism in order to empbnsize its analogy to 
the splienoidal lieniiliedrism of the tetragonal system, altbough, as 
may be scon by an iuspcciion of the figures, the new forms reaulliog 
in this case are not incliucd-facc, but parallel-face forms (cf. p. 42). 
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'Each face of tlie hexagonal pyramid of the first 
order occupies one dodecant, and this form is there- 
fore capable of producing rhombohedral hemihedrons. 
The extension of its two sets of alternating planes 
yields two new, congruent half-forms, which are each 





Fia. 104. Pl<3. 13B. ' 

bounded by six similar rhombs and called rhomhohe- 
drons of the first order {Figs. 194 and 195). Their 
symmetry is the same as that of the scalenohedrons ; 
and, like these, they become coincident by a revolu- 
tion of either through 60° about its vertical axis. 
Their symbols are : 

+ -^, K\mU\', and -^, K\<iTilil\. 

Rhombohedrons may have their polar edges more_ 
or less acute than their lateral edges. The first are 
known as acute, and the latter as obtuse rhombohedroriB. 
The limiting form between these two kinds of rhom- 
bohedrons would have all of its edges similar, and 
would correspond to a hexagonal pyramid whose axial 
ratio is 1 : 1.2247. The interfncial angles on such a 
form would all be 90°, and it would therefore wot difi^er 
geinuetrically from a cube. 
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The four foUowiug figures (196-199) will make it 

evident that no other new types of 

^ T"^ fonns can result by tlie rhombohe- 

^m dral selection of planes. Kach of 

^1 these holohedronB is shaded to cor- 

J j respond to a disappearance of the 

^BM^^ faces of alternate dodecants, and yet 

^H^g a portion of each holohedral plane 

|H^^H will survive in every case, sufficient to 

^ reproduce the form as it was before. 




f^ 



Abbreviated Symbols of Bhombohedrons and Scaleno- 
hedrona. Bliombohedrons and scalenohedrouB are of 
such frequent occurrence on natural crystals that cer- 
tain abbreviated symbols have beeu suggested for 
them by Naumaan, which have come into general use. 

Rhorabohedrons are designated by the capital initial 
R, preceded by tlie vertical parameter of the hexi^onal 
pyramid from which they are derived. Only negative 
rhombohedrous are distinguished by a sign ; symbols 
without signs are to be considered as positive. For 
instance, R is the positive rhombohedron derived 
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f.|roni the ground-form or fundameutal pyramid, P. 

p 
It is equivalent to the symbol -j- ^ . The rhombo- 

hedron — SB is the negative form derived from the 
pyramid of the first order, 8 P . ^B is the positive 
rhombohedron derived from JP, etc. 

The shorteaed symbols of scalenohedrons are 
formed upon a different principle. lu every scaleuo- 
hedrou it is possible to inscribe such a 
rhorabohedron that the lateral edges of 
both forms shall exactly coincide (Fig. 
200). This is known as the " rhomhohe- 
dron of the middle edges." A whole series , 
of more or less acute scalenohedrons 
may have the same lateral edges, and 
hence may all be considered as derived 
from the same " rhombohedron of the 
middle edges" by increasing its vertical 
axis by different rational increments, and 
then joining the extremities of this axis to the lateral 
angles of the rhombohedron. Nanmanu's abbreviated 
symbol for a scalenohedron consists of the symbol of 
its "rhombohedron of the middle edges," m'ff, fol- 
lowed by an index, n', to indicate by what quantity its 
semi-vertical axis is multiplied. The new symbol is 
therefore m'li^\ in which m' and n' are quite different 
quantities from the two parameters, m and n, of the 
dihesagonal pyi'amid, of which the scalenohedron is a 

li.lHom(±^). 

In order to be ahle to transform the abbreviated 
into the full symbols, and vict veriKi, we must kuow 
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the relation existing between these four quantities 

m\ fil and m, w. 

The parameter symbol of the " rhombohedron of the 

middle edges" belonging to a scalenohedron derived 

, n . m(2 — n) 
from na'. a.: =^a, : mc is a. : a,: oo a • — ^^ ^-c : 

hence the symbol m^B, expressed in terms of the 
parameters of its corresponding scalenohedron, be- 
m(2 - n) p 

comes ^ . Any particular one of the series 

of scalenohedrons having this same " rhombohedron 
of the middle edges" is designated by the index n\ 
whose value depends upon m, the vertical parameter 

Tlfl 

of its corresponding dihexagonal pyramid, w' = — , . 
To obtain the abbreviated symbol for a scalenohe- 
dron from its full symbol, ± ^ , we have : 

m(2 — n) , -I ^ 

—^ = m and — , = w ; 

and hence, for the reverse transformation : 

2w' 

m V = m and :\—, — -, = w. 

1 + n' 

The indices of the "rhombohedron of the middle 
edges" belonging to a scalenohedron, K\hxkl \ , are 2Jk— A, 
0, — 2A + A, I* Hence, if the indices of the dihex- 



* For proof of this see Groth's Physikalische Krystallographie 
2d ed., p. 342. 
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kgoual pyramiil are given, we have, for obtaining the 

Abbreviated symbol of Naumann, 

2ifc-A , ^ h 

— J — = m and -7,-, r = n : 

', for the reverse transformation. 



2n' = A ; n' + 1 = 



n'-l = 



-,^i. 



Example. Given the dihesagonal pyramid, iP^ \ 4131 1 , 
■ to find the shortened symbol for its scaleuohedron. 



-tp-«_ 



V.ZJi' is the symbol required. Using the indices, we ob- 
rtaiu the same : 



a = m' and 



1-4- 



= n'. 2E:* 



Ehombobedral Forms in Combination. Bhomboheilral 

combinations differ from holohedral hex- 
agonal combinations only when rhombo- 
hedroiis or scalenohedrons are present. . 
These forms are, however, so common i 
that their more frequent combinations I 
deseri'e mention. 

A rhombnhedron has its polar angles 
blunted by the faces of another rhom- 
bohedron of the same sign, the combina- 
tiou edges of the two being parallel (Fig. 201). 

* DtLUB Still funlicr sbortims Naiimana'a gyraholB liy oiiiillitig Ibc 
fnillal it exccpl in the case ot lh« fundnmental rlionil)oli(Mln.u, 
Tbus-^A becomea-i; iR. i; It', V; - Jft', —\*; tic. Oii 

■ MUler'a tnutbod of ilcsigDating rLombuhedral fornix, bw. Urolli's 

K'Riydkalische Kryoiallographle, Sd et),, p, 4S8. 
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Much more frequent are combinations of rhombo- 
heclrons of opposite signs. These generally show 

truncations of the polar edges 
of the more acute form, which 
can only be accomplished by a 
rhombohedron of the opposite 
sign and half the vertical param- 
eter. For instance, B truncates 
the polar edges of — 2E (r), and 
is in turn truncated by the 
Fig. 202. faces of — iR{n), etc. (Fig. 202). 

Figs. 203 and 204 show combinations of rhombohedrons 
of opposite signs where the above relation does not 






Fig. 203. 



Fig. 204. 



obtain. In the first case the forms have equal vertical 
parameters, B and — ^ ; in the second, a rhombohedron 





Fig. 206. 



Fig. 200. 
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modified by a form with less than half of ita vertical 
parameter, R aud — ^B. Figs. 205 aud 206 show a 
rhombohedrou in combination with a prism of the first 
order; Figa. 207 and 
208, the aame form 



^ 




Lnuited to a prism of 
|ihe second order. 

Combinations of 
t rhombohedrons and 
rBcalenobedrona 
' very manifold. 
Rcalenohedron has 
ita polar angles re- ^"^ ^- ^°- '^■ 

placed by its " rhombohedron of the middle edges" so 
\ that the combination edges are parallel to the lateral 
ges of the scaleno- 
Ledron (Fig. 209). In 
other cases either the 
L-4-.. ^ // / \ \\ obtuse or acute polar 
edges of the acaleno- 
hedron are truncated 
by the planes of a 
rhombohedron (Fig. 
210); or the polar edges 
of a rhombohedron are 
bevelled by the faces of a 8calenohedrr>n (Fig. 211). 
Figs. 212 and 213 show the scaleuohedron in combi- 
nation with the prisms of the first uud second orders 
respectively. 

The rhomboliedral heraihedrism is of such very com- 

\ mon occurrence that only a few of its most prominent 

I representatives need be mentioned here. Examples 

\ somewhat complex combiuiLtious of rhoiubohedral 
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forms are given in the two following figures. Fig. 
214 represents a crystal of hematite (Fe,0,) bounded 




by the forms R, K\ym\{r); |B, k\'M5\{u); \R, 
<tjl0i4i{s); jP2,/c|22431(n);and|_ffi', ^i4265}(i). Fig. 
215 shows a crystal of calcium carbouate (calcite) 
with the forma R, A-jlOllj{^); ^R, /fl505'2i(«); 4-B, 
/fj4041S(m) ; R', /fi3l2lj(»-) ; R\ K\m\\{y) ; Ifi. 
K\7l65\lu); \R', K\SiU\{t). This mineral exhibits 
a greater variety of forms than any other rhombohe- 
dral substance. 

Among other examples of this mode of crystalliza- 
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I lion may be meiitioiied the elemeuts arsenic, »nti- 
imrny, biamiitb, aud tellurium ; ice ; coi-undum, A1,0, 
(geuerally with formB of tbe aecouJ order, and there- 
fore often apparently bolohedral); m^ueHium by- 
droside (brufite) ; sodium nitrate (NaNO,) aud the 
hydrous wilii-atfi, ubabazite. 
Tetaetohedbal Division of the Hexaoohal Stbtek. 
Kinds of Tetartohedrism. Tetartohedrisui, tike btiini- 
hedriam, attains itw masiomm iinjiortance in the hex- 
aRoiiul syatom. We may devebiji the possible kinds 
k of liesagoual tetarti>hedriKni by examiniuf^ tbe effect 
I. of a aimultauGous application of two different kinds of 
I heniibedrism to the planes of the most fjwneral holo- 




Fia. ae. Fio. SIJ. FiQ. Klfl. 

[ hedral form, as was douB in tbe preceding systems. 
[ To accomplish this we may imi^pne each of the three 
|. adjoining figurea (216, 217 and 218) laid upon one of tbe 
I others and note the result. A union of the third with 
I either tbe first or second produces a survival of three 
I planes above and three others below which satisfy the 
I conditions of tetartohedrism ; while the second super- 
loosed upon the first leaves six planes on the lower 
f of tbe crystal and none on tbe upper half. 
In order to brinf< out this result still more clearly, 
■re may uumber the plftuea of the dibexagonal pyra- 
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mid as is indicated in Fig. 219, and then write out the 
numbers representing the twenty-four planes in two 
rows, as follows : 

(above) 123456789 10 11 12 

(below) 1 2 ' 3 4 * 5 6 * 7 8 ' 9 10 * 11 12 ' 
If now we erase by a mark to the right those planes 
which would disappear by one kind of hexagonal 
hemihedrism, and by a mark to the left those planes 
which would disappear by another kind of hemihe- 
drism, we can obtain the three following results : 

1. We may combine the trapezohedral and rhombo- 
hedral hemihedrisms as follows : 

(above) X2 X^ ^6 X^ J9^ 10 .>C ^ 
(below) \:8:'3;r'XX' 7j8''^><f' ll i^' 
There remain (above) . . 2 . . . 6 . . . 10 . . . 

(below) .... 3 ... 7 ... 11 . 

This selection yields a possible tetartohedrism which 
is called the trapezohedral, 

2. We may combine in the same manner the pyrami- 
dal and rhombohedral hemidrisms as follows : 

(above) ^2 X^ iT 6 XH S^ 10 KH 

(below) :i:^'X 4 'XU*X8 'XiQ ' >1. 12 * 
There remain (above) . . 2 . . . 6 . . . 10 . . . 

(below) .... 4 ... 8 .... 12 

giving another possible tetartohedrism which is called 
the rhombohedral. 

3. Finally, we may combine the trapezohedral and 
pyramidal hemihedrisms : 

(above) X2X4X6)r8Xl0><12 

(below) \^*x^'^x* tx'^xJ' H yi' 

There remain (above) .. 2 ... 4 ... 6 ... 8 ... 10 ... 12 

(below) 
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This selection does not satisfy the conditions of tetar- 
I iohodrism, but produces a hemimorpkism in the direc- 
tion of a vertical axis, 

Trapezohedral Tetartohedriim. The simaltaneous ap- 
plication of til 6 trapezohedral and rhombohedral hemi- 
K hedral selections to the faceB of the diliexagoual pyra- 
Fmid produces the elfect shown in Fij;. 219. The 




I extension of the six surviving (wliite) phmes gives 
f an aHyminetric solid, bounded by six simitar trape- 
' ziunjH. The same result is Mocured by selecting 
[ one-half of the faces of the hexagonal trapezohedrou 
I by the rhombohedral ; or 
' half of the faces of 
t the scalenohedron by the 
i trapezohedral method 
(Fig. 220). T!ie four trape- 
zohedral quarter-forms of 
tlie dihexagonal pyramid 
form two euautioraor- 
phous pairs (i^ga. 221 and 

i members of each fiq.ssi. Fio. sat. 

iftir being themselves congruent. They are called 
i their symbola ate written : 
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Positive right-handed, 



Negative light-hauded, 



Positive left-hauded, 



7nPn, 
+ —l, or 



Negativi 



left-handed, 
niPn. 



I, or--H-;, 



t\}uU\ 



congru- 
ent pair. 



congru- 
ent pair. 



The imiou of a right- and left-liaiided form would 
produce a scaleiioliedron ; the union of two right- 
handed or two left-handed forms, a hexagonal trape- 
zohedrou. 

The survival and extension of the corresponding 
portions of the planes of the dihes- 
=" agonal prism produces a new pris- 
matic form, bounded by six planes, 
intersecting in edges which are alter- 
nately more obtuse and more acute. 
(Fig. 223). This is called the di- 
trigonal prism. Two corresponding 
forms of this kind are derivable from 
each dihexagonal prism, which differ 
only in position, and whose symbols are 

...int. _^J _^ KTlhWl- 




■\mo\; 



and 



THE HEXAOONAL SYSTEM. 



135 



The hexagoDal pyramid of the secood order, when 
subjected to analogous selection, retains a portion of 
its three alternating upper 
planes, as well as a portion 
of those planes directly 
below them (Fig. 224). 
The extension of these 
planes produces a solid 
bounded by six similar 
isosceles triangles, inter- 
secting in horizontal basal 
edges. This form is called '^"^ *^ 

the trigortal pyramid. There is a congruent pair of 
tliem corresponding to the alternating sets of pyram< 
idal planes, their symbols being : 

—j-r, KT\kkU\ ; and -— /, Kr\hkid\. 




The hexagonal prism of the second order is only a 
special case of the pyramid of the 
second order, where the basal 
edges have become 180°. It must 
therefore yield two new prismatic 
forms, analogous to those last de- 
scribed, by the survival of its al- 
ternate planes (Fig. 225). These 
are called trigowd prisms, and 
are designated by the symbols 




00 P2 



T|ll20!: 



and 



«P^, 



TS2nO!. 



The same method of selection, applied to the licxag- 
oual pyramid of the first order, yields a positive and a 
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negative rlioiiilji>lieilroii, wbich are not further modi- 
fietl ill form by becoming tetartohedral (Figs. 226 
and 227). 




^ 



The hexagonal priam of the first order suffers no 

^ geometrical change whatever on be- 

^ — ^^H coming tetartohedral, aa may be 
^^^1 ^Km ^^^° from Fig. 228 ; and the same is 
^^^H ^HH ^^^^ ^^ ^^^ <)iily remaining holohedral 
^^^^^JI^H form, the basal pinacoid. 
^^^^H H Trapezohedral tetartohedral foi-ms 
^HH| [j may also be regarded as the product 
^^^^^^H IJ of heinimorphism in the direction of 
the three lateral axes, and, like other 
hemimorphic crystals, they are pyro- 
electric. Their asymmetric molecular structure, and 
consequent enantiomorphism, requires that they should 
exhibit circular polarization, and this is, in fact, the 
case. The most prominent example of this mode of 
crystallization is offered by silica, SiO, (quartz). A 
not unusual combination of forms on crystals of this 
substance is given in Fig. 229. It shows the prism of 




3aq); 



1 vy 
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the first order (rn) unchanRPil ; positive and negative 
rliomi loheJrous (r and r') ap|iJU'ently 
only hemihedral ; while the trigonal 
pyramid (s) and the trigiinal trapezo- 
Jiedron (a;) occur as true quarter- 
forms. 

Other exampleB of this crystalliza- 
tion are: mercuric sulphide, HgS (cin- 
nabar) ; the dithionates of potassium 
{K,8,0,), of calcium (CaS,0. + 4 aci), 
of stroutium (8rS,0, + 4 aq), of ba- 
rium (EaS,0, -I- i aq), and of lead "^^ 
(PbS,0. -f 4 ati) ; sodium periodate (NalO. - 
benzil (0,.H„0,); and atearoptene {C,.H„0). 

Shombohedral TetartohedrlBin. A i>om))ination of the 
idal iiud rlionibohedral methods of hemihedral 
selection (Figs. 217 and 218, p. 131) results in the survi- 
A of three planes iu the upper half of the dihexagonal 
tyiamid and of three other planes in the lower half. 
These are so distributed as to pro- 
duce, by their intersections, a figure 
which does not differ from a hemi- 
hedral rhombohedrou excejit in its 
position with reference to the crys- 
tallngraphic axes (Fig. 230). Each 
lateral axis terminates on one side of 
each of the faces, and the form ia 
called the r/ivntbolwdron of the third 
order. The four quarter-forms de- 
iVable from each dihexagonal pyramid are designated 
the following parameter and index symbols : 
mPn 




+ - 



i T 



K\hiJ.H; 
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mPn r - j 
T— . j- , irK\ihkli; 

, mPn I „ 

+ -r-r' "f^J***^}; 

mPn I - 
^.-, }rK\im\. 

These four quarter-forms possess three planes of sym- 
metry, like other rhombohedrons, and are therefore 
congruent. The position of these planes of symmetry 
is, however, different from that oE any of the holohe- 
dral hexagonal planes of symmetry (see Fig, 159). 
This same method of selection, applied to the hex- 
^onal pyramid of the second or- 
der, is capable of producing two 
congruent rhombohedrons which 
again differ from hemihedral rhom- 
bohedrons only in their positions 
(Fig. 231). These are called 
rhomhohedrojia of the second order, 
and they stand with reference to 
the intermediate axes (p. 105) just 
Fio. asi. j^g jjjg liemihedral rliombohedrons 

do with reference to the lateral axes of reference. 
They may therefore be made to coincide with the lat- 
ter by a revolution about their vertical axes of 30°. 
Their symbols are : 

mP2 r , 

4 r' * ■ 




THE HEXAGONAL 878TE3f, 139 

The same method of selection, if applied to the faces 
of the hexagonal pyramid of the first order, produces 
the same effect as the rhombohe- 
dral hemihedrism, i,e. two rhombo- 
hedrona of the first order (Pig. '. 
Their symbols may be written : 



mP 



xK{Ohfd\; 



jc\hOM\. 




The relative positions of the three orders of rhom- 
bohedrous is well illustrated in the adjoining linear 
projection {Fig, 233), where those of the first order are 
drawn in heavy, those of the second order in faint, and 
those of the third order in dotted lines. 




Tlie other hexagonal hololiedrons yield in this 
tetartohedrism no new forms. The dihezagonal prism 
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produces two hexagona,! priBins of the third order, just 
as it does ill the pyramidal hemihedrism. The other 
two hexagonal prisms retain all their six faces. 

Examples of rhombohedral tetarto- 
hedrism m the hexagonal system are 
not rare. Fig. 234 shows a crystal 
of copper silicate (dioptase) with a 
rhombohedrou of the third order, 
-2.B', wAr|1.13.T4.6S («}, iu combina- 
tion with the prism of the second order, 
QoP2, J2il0f (m,), and the negative 
rhombohedron — 2fl, !022li (r). 

big. Jd5 represents a more com- 
plicated crystal of the beryllium silicate, phenacite, 
which is mainly terminated by a rhombohedrou of the 

3pa 
third order, — ^-Jr, ?ryf|i322[ (x). With this form are 

associated the prisms of the first and the second order, 
v>P, |10iO} (m), and odP2 {Il20l (a) ; another rhom- 

SPi 
bohedron of the third order, — -.-r , 



the two rhombohedrons of the first 
order, B, a-|10I1j (r), and — ^fl, 
«-j0112f. With this substance is iso- 
morphous the corresponding ziuc salt 
(willemite). Still other examples are 
the carbonates, maguesite, MgCO,, 
and dolomite, (Ca,Mg)CO, ; possibly 
ilmenite, FeTiO, , and some other sub- 




Hemimorphism. Hemimorphism in the direction of 
the vertical axis (p. 42) is particularly common in the 
hexagonal system. It may be considered as produced 



^^^^r hen 
' crvf 
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I' by a combinatiou of tlie trapezohedral and pyramidal 

I temiLedrisma (p. 133); aud, as it generally occurs on 

crystals which are also rhombohedral, these may l»e 

viewed as exhibiting simultaneously all three hemihe- 

drisms of the hexagouul system. Examples of such 

I crystallization are offered by the sulphidi-s of zinc, 

' ZnS (wurtzite), and cadmium, CdS 

S(greeno<!kite); the snlpliarsenite and 
Bulphautimonite of silver, Ag,AsS, 
(proiistite, ruby silver) aud Ag,SbHj 
(pjTargyiite) ; the silicate tourma- 
line 1 aud certain arti&cial salts. A 
Combinatiou observed ou tourmaline 
is represented in Fig. 236. Its 
forms are the prisms co/*, J10l0j{j), 
which, as a result of hemimorphism, 
appears aa a trigonal prism, and qoP2, 11130) («); 
the scalenohedrou R', a-j2131| (s), and the two rhom- 
bohedrous R, >fjlOill {R) and — 2^, >f|022l| (r), at 
the antilogue ijole, while only one of these forms, .fl, 
occurs at the anahigue pole. 
Hemimorphism iu tlie direction of the vertical axis 
- produces the same result on 

yyw. holohedral, trapezohedral and 

/'/ ivv pyramidal heniihedral crystals. 

/' / 'A\ Fig, 237 shows the hemiraorphic 

// I \\\ development of the holohedral 
/J__L \A \ '^^^ oside, ZnO (ziucite), from 
1 ^ / "j \> i) Stirling Hill, N. J. The etched 
IjrrJ '~~T---J figures observed ou the apparent- 
^ '^ ly holohedral silicate, nepheliue, 
indicate a trapezohedral or py- 
ramidal hemihedral crystallization combined with 
: 



I ramidal hemihedral 

I hemimorphism, hut disguised by complex twiuuing. 
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THE ORTHORHOMBIC SYSTEM * 
HOLOHEDSAL DIVISION. 

Third Class of Crystal Systems. According to the 
classification of the crystal systems given on pages 44 
and 45, all those whose complete forms possess no 
principal axis or plane of symmetry form the third 
or anisometric class. These systems are three in 
number, and they are united by a variety of common 
features, among which is their optically biaxial char- 
acter and the fact that their planes are all referred to 
three unequal and therefore not interchangeable axes. 
The names of these three systems are the Ortho- 
rhombic, the Monoclinic, and the Triclinic, each of 
which forms the subject of one of the three following 
chapters. 

Symmetry of the Orthorhombic System. The highest 
grade of symmetry possessed by any system of the 

third class is that of the or- 
thorhombic system, whose 
holohedral forms have three 
secondary planes of sym- 
metry at right angles to 
one another (Fig. 238). 
These planes therefore di- 
^^**-^^- vide space into eight simi- 

* Also called the rlumibic, prismatic, and trimetric system. 
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lar octants, like the axial planes of the isometric or 
tetragonal systems. 

AzeB. The orthorhotnbie axes of reference have 
their directions fully determined by the aymmetrj of 
the system. They are all axes of symmetry and must 
therefore be perpendicular to one another; but, be- 
cause they lie iu secondary planes of symmetry, no two 
of them are interchangeable, and hence they must all 
three be of unequal lengtli. Since there is uo princi- 
pal axis of symmetry, any one of the three directions 
may be made the verti<ral axis, and there is in reality 
a great difference in the usage of different authors iu 
this respect, even in regard to crystals of the same 
substance. It is customary to place the orthorhom- 
bic crystal in such a position that the longer of its 
two lateral axes will run from right to left. This is 
therefore called the macrodiagonal, while the shorter 
lateral axis, which runs from back to frnnt, is known 



-*:'! 



as the brackydiagonal. The 
letters representing the difler- 
ent axes are further distin- 
guished by signs written over 
them ; thus, a short sign over ~°~ 
the brachydiagonal (»), a long 
sign over the macrodiagonal 
[1), and a perpendicular mark 
over the vertical axis (i) (Fig. fio. sas. 

239). The distribution of the positive aud negative 
extremities of the axes is the same as in the isometric 
and tetragonal systems. 

Fondamental Form and Axial Ratio. No single ortho- 
liombic crystal form (p. 35) can be bounded by more 
lan eight planes ; because, if uoue of the three axes are 
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interchangeable, no permutations of the general pa- 
rameter symbol are possible, and hence only one plane 
belongs to an octant. All orthorhombic pyramids are 
therefore alike in the number and distribution of their 
planes, which are always similar scalene triangles. It 
is possible to choose any pyramid which occurs on an 
orthorhombic crystal as the ground-form, but it is 
customary to select for this purpose the most frequent 
or prominent pyramid, or the one which will yield the 
simplest indices for the other planes. 

When the choice of some particular pyramid as a 
ground-form has been made, the axial ratio of the sub- 
stance to which it belongs may be calculated from 
it. The inequality in the lengths of all three axes 
produces a double ratio, in which the length of the 
macrodiagonal (6) is taken as the unit. The nature 
of this axial ratio is the same as in the tetragonal sys- 
tem, except that in place of a single irrational quotient, 

- (p. 83), we now have tivo such quotients to deter- 

Cb C 

mine for each orthorhombic substance, t and y . These 

quotients are called the crystdRographic constants of 
the orthorhombic system. They fix the axial ratio, 
d :b : 6y and may be determined from the angles of 
the pyramid selected as the fundamental form as 
follows (Fig. 240) : In the spherical triangle al)c, 

cos^y 
cos a = -; — f-^ ; tg .a = a. 

, COH IZ ^ , . 
cos = - — ~; tg .o=ic. 
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One axial ratio forms the basis of each orthorhombic 
crystal series (p. 92) ; and hence one such series be- 
longs to each orthorhombic substance. No matter 

4 




Fio. 240. 

what pyramid is selected as the fundamental form, all 
the intercepts on the brachydiagonal axis of planea 
belonging to the same series must be rational mul- 

w 

tiples of its quotient, j ; and all intercepts of planes 
on the vertical axis must be rational multiples of its 
quotient, *-. 

Derivation of the Holohedral Orthorhombic Forms. 

Since the most general orthorhombic symbol, rulib: nid, 
is ca})able of no permutaticms, it can only represent 
an eight-sided pyramid, essentially like the funda- 
mental form (Fig. 240). This formula must stand 
for a different form from the formula d:nh: mCy since 
a and b are not interchangeable. It is customary 
always to make the lesser of the two lateral parame- 
ters unity, so that the limiting values for n are one 
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and infinity, and for m zero and infinity, as in the 
tetragonal system. Since, however, the parameter n 
may refer to either of the two dissimilar lateral axes, 
a considerable variety of form-types may result, 
which can best be considered under the three groups 
of pyramids, prisms, and pinacoids, defined on p. 36. 

Pyramids. These are forms whose planes inter- 
sect all three axes. All orthorhombic pyramids are 
bounded by eight similar scalene triangles, which 
meet in three kinds of edges and in three kinds of 

solid angles (Fig. 240). 
It is, however, usual to 
distinguish three sorts 
of such pyramids, ac- 
cording to the lateral 
axis to which the pa- 
rameter n refers. 

There is one series 
or zone* of pyramids 
both of whose lateral 
parameters are equal 
to unity, d\b\ mb. To 
this series the funda- 
mental form belongs, 
Fio. 241. and it is therefore called 

the zone of unit pyramids. Its limiting forms are the 
basal pinacoid, where m = 0, and the unit prism where 
m = 00 (Fig. 241). The general parameter and index 
symbols of these pyramids are mP, [hM], 

On one side of the zone of unit pyramids lie those 
whose lateral parameter, n (> 1), refers to the macro- 




* For the full explanation of this term, see Appendix, p. 217. 
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(Ungonal axis, 5. These are called maeropyramids, and 
their general symbols are written a : vb : 7n6, mPn, 
|A«t{A>i;)(Fig. 242). 




On the opposite side of the anit pyramids lies a third 
class of these forms 
whose lateral parame- 
ter, n, refers to the 
bracbydi agonal axis, 
d. These are called 
hrachy pyramids, and 
their general symbols 
are written : na ; J : jnt, 
mPY), \hkl\ (A<fc){Fig, 
243). 

For every possible value of the lateral parameter, », 
there is a vortical zone of macro- or brachypyramids 
wbicli is limited by the basal pinacoid and a prism, 
as is tile zone of unit pyramids. 

Prisms. These embrace all forms whose planes are 
parallel to one axis, and which must therefore always 
have one sign of infinity in their parameter symbol, or 
one zero in their index symbol. All orthorhombio 
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prisms are open forms (p. 36), bounded by four similar 
planes meeting in two sorts of edges, but without 
solid angles. We may again distinguish three types 
of such prisms, according to which of the three axes 
the planes are parallel. Although they all belong 
equally to the prismatic type of forms, it is customary 
to call those whose planes are parallel to either of the 
lateral axes domes. 

The prisms proper, whose planes are parallel to the 

vertical axis, c, are 
limiting forms, in one 
direction, of the pyra- 
mids, and must there- 
fore be of three kinds, 
like these. The unit 
prisniy whose lateral 
parameters are both 
unity, and whose sym- 
bols are a :b : cod, ooP, |110[ ; the macroprisms, 
whose lateral parameter n (>1) refers to the macro- 
diagonal axis, and whose symbols are « : n6 : oo (i, 
CO Pn, \hkO\ {h>k); and the brachy prisms, whose lat- 
eral parameter n (>1) refers to the brachy diagonal 
axis, and whose symbols are nd : b : cod, co Pn, \hkO\ 
{h<k) (Fig. 244). 

The other two types of prismatic forms or domes 
are distinguished as macrodomes when their planes are 
parallel to the macrodiagonal axis, b (Fig 245) ; or as 
bracliydomes when their planes are parallel to the 
brachydiagonal axis, a (Fig. 246). There is a vertical 
zone of each of these kinds of domes whose parameters 
m vary between zero and infinity. The general sym- 
bols of the macrodomes are d : cob \ mb, mPob, \hOl] ; 
and those of the brachydomes, cod :b : mb, mPdo, 



Fio. 244. 




JO/f/J. The macro- ajid bracliydoniea togetlier corre- 
spijiid in their poaithxis to the tetragoual pyramids of 
the second order (p. 

^^^P Flnacoids. Thene embrace the forma whose planes 
are simultaneonslj parallel to two axes, and whose 
parameter symbols must therefore contain two signs 
of uifinity. Each of these ia an open form bounded 
by but two planes which are parallel. The pinacoids 
of themselves therefore have neither edges nor solid 
angles. There are three kinds of orthorhombic pina- 
coids, as well as three kinds of pyramids and prisms. 
That one which is parallel tfi the vertical axis and 
macrodiagoiial axis is called the luacropttuicoid. Its 
symbols are rt : 00 ?^ : 00 ^, CO Pcb, [lOO;. The form whose 
planes are parallel to the vertical and brachydiagonal 
axis is called the bntchypiruicoid, and its symbols are 
oo« : J : Qo^ooP*, !010|. Finally, the planes parallel 

I to both lateral axes are called hisfd ptnacmdn, and their 

symbols are«rt:ocS:^=rt:;i:(M (p. 29), OF, \m\\. 
In their positions tlie orthorhombic pinacoids con'e- 
spond to the faces of the isometric cube (p. 66) ; but 
the six planes mnst break up into three separate 
forms so soon as the axes cease to be equivalent and 
interchangeable. 
r The relations of limiting forms amonp the possible 



150 



CRTSTALLOGRAPHT. 



types of ortliorliombic liololiedroiis are exhibited in 
the following diagram : 



Bruchydiagonal Brack ypuramidn. FundamentcU 
Zone. 

OP 



I 
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OP 



Mcieropyramida. MaerodioQonal 

Zone. 



OP 

I 



OP 

I 



m 


- - 


m 


- - 




- - 


-PtI 

m 


- - 


ip* 


Pdo 


— 


pn 


- - 


P 


- - 


Pn 


- - 


Fob 


mP^ - - 


mPn 


- . 


mP 


. . 


mPn 


. • 


mPoD 





















I 



I 



I 



I 



ooPdb coPri ooP oo Pn oo Pob 

Prismatic Zone. 

Orthorhombic Forms in Combination. As the grade of 
symmetry decreases from system to system, the num- 
ber of planes in any crystal form also decreases ; but 
at the same time the number of forms which occur in 
combination upon a single crystal is j^roportionately 
increased. If, however, the nature of the separate 
tj'pes of forms is clearly understood, there is no diffi- 
culty in decipheiing these more complex combina- 
tions, both because of the greater simplicity of the 
forms themselves, and also on account of their zonal 
relation to each other. 

The number of substances crystallizing in the ortho- 
rhombic system is very great. Of these we shall 
mention but a few, to serve as types of the more fre- 
quently occurring combinations. 

The three orthorhombic pinacoids in combination 
would produce a figure identical with the cube in 
shape, and yet the crystallographic difference between 
the three pairs of planes may manifest itself by some 
physical peculiarity, as in the case of the three un- 
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eqiial pinacoidal cleavages of auhydrite (calcium 
milphate). 

The fundamental prism, <x>P, illO{, is a commoD 
form on orthorhombic crystals. It may be combined 
with two pinacoids, as in Pig, 247, or with all three. 
Pig. 248 shows the fundamental prism (^) on a crystal 
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Fio. sn. Fio. 1M8. 

(Olivine.) (Topaz ) 

of topaz, in combiuatiou with another prism, co t^, 
|120i (p'); the basal pinacoid, OP. jOOlj (c); the 
brachydome, P&iOllS {g); and the four pyramids, 
/',|lll|(o);iP, IliaKoO; i^. 11131(0"); and |PiS, 
J123! {x\ 

It not infrequently happens that the obtusa pris- 
matic angle in the orthorhombic system approaches 
very iieaily to 120°. Such a 
lirisni, combined with the lirachy- 
pinocoid, would simulate a hex- i 
agonal ]>riHni. If these forms are 
terminated by fundamental pyra- 
mids and brachydomes, the whole 
combination often closely rcHem- {Oiniuooite.) 

blus a hexagonal crystal. Tig. 240 shows such a com- 
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blnatiou observed ou the copper sulphide, chalcocite, 

with the tornis: OP, |001i (c); oo/"*, jOlOj (b); 

ooP, 1 110 1 (y); 2^*, |021i (}); J/"*, |023| (}'); P, 

11111 (i,);»udii>,|113|(o'). ^ 
The orthorlioinbic combinations are far too numer- 
ous to be described Bystemati- 
cally. A number are, however, 
appended, with the symbols o£ 
their planes, in order to familiar- 
ize the student with some of the 
more complex types, 

Fig, 250 (aulphur) shows the 
forms: P,\Vn\{p): \P,\\\Z\{e): 
Fk.. sm. 0-P, lOOlj (c) ; audPa, J 011} (n). 

Fig. 251 (silver sulphide, acauthite) shows a combina- 
tion of the following forms: coP&, j010( (a); coPob, 

jlOOj {by, OP, JOOll (c) ; 00 P, JllO; (0 ; 

ooP2, jl20j (m); P&, jOlOj (o) ; 

3P&, 1031( (e); ^Pdb, 5102} (d); P2, 

)122Kfe);/',imS{p);i/*|,|322K«); 

iP, f 113| (r) ; and 2P4, il42| (n). n, 

however, as is still more common, the 

form m be assumed as the fuuda- i 

mental prism, instead of I, the axis ( 

running from back to front becomes 

twice as long and must then be re- 
garded as the macrodiagoual instead 

of the brachydia^^onoL In this case 

the above symbols for the planes of the figure be- 
-come. 00 Poo, j 100 1 (a); a)P&,i010f (6); 0P,)001j(c); 

QoPfi, jl20j (0; ooP, illOj (m); P&, JlOlj (o); 3Pob, 

j301|Cc); P&,i011|Cd);P,)lllj(fc); ^P^, \Vi\\ {p) ; 

3P3, {131i (a); fP2, [123i (r); and 2P2, {211j (n). 




(AcBDthite.) 
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Fig, 252 reprodnces & combiuatioD of ortliorLombic 
forms observed ou crystals of alumiuium orthosilicate, 
audalusite (Al.SiO.) : oj P&, jOlOj (o) ; to Poo, j lOOj (6) ; 
OP, |001i{c); 00^,11101 (m); 00^2,12101 ((); ooP2, 
1120J (»); /■», ilOll(r); P, |lll|(p); P*. |011|(»); 
M'% 1121 1 (J). 




Fig. 253 shows a crystal of lead carbonate (cenis- 
site) wliicb is bounded by the following forms : OP, 
1001|{o); ooP*,|010|(a); oo P, 1 110 1 (m) ; P,|lll|(/i)i 
JP, 11121 (»)i 4Poo. 1 102 1 (y); JP*, |012| (x); P&, 
|011| (k); 2PS, 1121! («); 2P2, |211| (u)). 

Fig. 254 exhibits a combination occurring on the fer- 
ro-magnesian metasilicate, byperstbene [(Fe,Mg)8iO,]. 
o5P*,|010i(o)i 00 P*, 1 100 1 (6); ooP,|110|(ra); ooi^, 
1120) (») ; JP*. |014| {«); P, |llli (o); P5, |212| (o); 
2P2, 12411 (i); jPf, 12321 («). 

Fig. 255 represents a crystal of the corresponding 
ferro-magnesian orthosibcate, olivine [{Fe„Mg,)8iO, | : 
«>P», 1010|fa); OP, !001i(c); ooP, illOl («); ooP2, 
|120|(»); ooP3,1130|(r); Pob,1101!(rf) ; P*,|011|(S); 
2P*, (021 1 (¥); 4P*, j041! (i); P, |lllj (e); JP, 
|112| (0); 2P2, il21j (/); 3PS, |131| (f). 
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Orthorliombic crystals are often disproportionately 
elongated in the direction of one axis, when they are 
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called ptismatic, coltimTvar, or adcidar in their habit 
In such cases the axis of elongation is generally se- 
lected as the vertical axis (see Fig. 251). In other 
cases the crystals are disproportionately shortened in 
the direction of one axis, when their habit is said to 
be tahidar or lamellar (p. 14). 



Hemihedbism in the Obthobhombig Ststem. 

Kinds of Hemihedrism. As the number of planes be^ 
longing to a single crystal form decreases with the 
symmetry of the system, the possibility of the exist- 
ence of partial forms likewise decreases. Thus hemi- 
hedrism is of minor importance in the systems without 
any principal plane of symmetry, but it nevertheless 
exists. 

It is possible to imagine one half of the eight planes 
which bound an orthorhombic pyramid to be chosen 
in three dilferent ways. 
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1. "We may select tlie planes nllernaiely. Tliia pro- 
dnces, as we shall presently see, the disappearance of 
all the planes of symmetry, but the surviving planes 

itisfy the fundamental conditions of hemihedrism. 

2. We may select the planes by alternate pairs. 
results in the disappearance of all but one of 

planes of symmetry, while the resultant forms 
E'er in no respect from those of the succeeding or 
Louoclinic system. 

3. We may select the planes in groups of /our about 
the extremities of either axis. This results in the 
disappearance of only one of the three planes of sym- 
metry, and ill the production of forms which are not 
hemihedral, but hemimorphic. 

Sphenoidal Hemihedriam, There is therefore but a 
single kind of true hemihedrism possible in the 
orthorhombic system, and this is caused by the sur- 
vival of alternate planes on the most general form, the 
orthorhombic pyramid. The extension of these planes 
until they intersect must result in the production of 
an asymmetric figure, bounded byfour similar scalene 
triangles, meeting in three sorts of edges. Such a 
form is exactly analogous to the isometric tetrahedron 
or tetragonal sphenoid (p. lOl), and is called the ortJtn- 
rhmnbic sphenoid. The two sphenoids derivable in this 



way from every orthorhombic pyramid are, on account 
of their lack of all planes of symmetry, enautiumor- 
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phous forms (p. 66) (Figs. 256 and 257). 
general parameter and index symbols are : 



K\hU\; 



and 



-I, «iai. 



It is evident that this method of selection can pro- 
duce no new forma from ortliorhombic prisms or 
domes, since each plane of these forms corresponds to 
two contiguous pyramidal planes. Still less can it 
give rise to new forms when applied to the pinacoids, 
whose planes correspond to four pyramidal faces. 
Orthorhombic substances which exhibit sphenoidal 
hemihedrism are not altogether uncom- 
mon, especially among organic salts. As 
examples of this method of crystalliza- 
tion may be mentioned tlie silicate, lencq- 
phane ; the hydrous sulphates of magne- 
sium (Epsom salts), MgSO, + 7 aq (Fig. 
258), and zinc (zinc vitriol), ZnSO. + 7 aq ; 
acid potassium tartrate (cream of tar- 
Sr-Jv/''*~~;J tar) ; potassium sodium tartrate (Eo- 
^'ioa/ chelle salts) ; tartai- emetic ; lactose ; and 
Fio. 858. mycoee. 

8ulphur crystals also rarely exhibit a sphenoidal de- 
velopment of their planes. 

Hemimorphism. Hemimorphism in the direction of 
one of the three orthorhombic axes is also not uncom- 
mon. In such cases it is usual to select the hemimor- 
phic axis as the vertical axis. The two planes of 
symmetry which intersect in this axis remain in hemi- 
morphic crystals as such, while the plane normal to 
it ceases to be a plane of symmetry. 
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As examples of ortLorhombic liemimorphism may 
be cited ammonium-magnesium phosphate (struvite), 
NH.MgPO, + 6 aq (Fig. 259), which shows above (anti- 
logue pole) the faces : Poo, jlOlj (r) ; P(3b, {Ollj {q) ; 
4 Pob, !04:1} (y'); while below (analogue pole) are the 
forms OP, { 001 [ (c) ; ^Pob, { 103 \ (r'); and oo P^, \ 010 } (6). 





Fig. 260. 

Other hemimorphic substances are basic zinc silicate 
(calamine, hemimorphite), Zn,(OH),SiO, (Fig. 260) ; 
resorcin, C^HgO, ; triphenylmethane, (C.H^)3CH ; lac- 
tose, C.^Ha^O,,. The last-named substance is both 
hemihedral and hemimorphic. 



CHAPTER yn. 

THE MONOCLINIO 8TSTEM • 

Symmetry and Axes. No complete crystal form, i.e. 
one bounded hy pairs of parallel planes (p. 18), can 
possess two planes of symmetry, without at the same 
time possessing three. The grade of symmetry next 
lower than the ortborhorabic, which can possibly 
characterize a crystal system, must therefore be pro- 
duced by a si'ngle plane of symmetry. 

The existence of such a single plane of symmetry 
determines the direction 
normal to it as an axis of 
symmetry, and this is the 
only direction which is fixed 
for the whole system 
(Fig. 261). The other two 
necessary axes of reference 
must lie in the plaue of sym- 
metry, but their directions 
in this plaue are a matter of 
arbitrary choice, to be de- 
cided in the case of each substance as shall be most 
convenient Both of these other axes must therefore, 
in all cases, be perpendicular to the axis of symmetry, 
but they may make any angle whatever with each 
other. 

It is customary to place crystals having only one 
plaue of symmetry in such a position that this plane 
* Known also aa the mtmo^mmelrie, eltnorhombk or obligvt system. 
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shall stand vertical, aud the axis normal to it shall 
ruu from right to left. Furthermore, one of the two 
directions which are chosen as axes in the plane of 
symmetry is made vertical, and the other is so placed 
that it inclines downward toward the front (Fig. 261). 
In this way we see that the three axes directly de- 
ducihle from the single plane of symmetry are two 
directions at right angles, and a third which is at right 
angles to the first bnt inclined at any angle to the 
second. Hence crystal forms whose planes are refer- 
able to such axes are called mtmodinic. 

The axis of symmetry, which is always made to ran 
from right to left, is designated by the letter b sur- 
mounted by a straight line, — , and called the orfko- 
diagonal axis. The axis which is made vertical is 
represented by the letter d, as in the orthorhombic 
system, and called the vertical axis, while the oblique 
axis is designated by a surmounted by an oblique 
sign, ', and called the diiwdiagonal cjsis. This position 
differs from that in the orthorhombic system in so far 
as the axis Ii may or may not be longer than d. 

Fundamental Form and Crystallographic Constants. Just 
as in the orthorhombic system, so in 
the monocliuic, any pyramid occur- 
ring on a crystal may be assumed as 
a ground-form, from whose angles the 
axial ratio for the particular substance 
may be calculated. This ground-form 
here determines not merely the rela- 
I'tiTe unit lengths of the three axes 
\4 '. J (^1): K but also the inclination of '^"' "'- 

Qie two axes a and ^ to each other (Fig. 262). This angle, 
li is designated by the Greek letter /5, is a crystal- 
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lographic coustant for each monoclinic crystal series, 

just as are the two irratiooal quotients t ^^^ t- 

Although any monoclinic pyramid could possibly 
serve as a fundamental form, the choice of this is not 
altogether arbitrary, since it is very desirable that the 
axes d and /■■ should be parallel to prominent planes, 
which then become pinacoids or prisms. One of tliem, 
at least, is usually determined by the habit of the 
crystal, aud is made to coincide with a direotioQ of 
elongation or cleavage. If different authors select dif- 
ferent ground-forms for crystals of the same substance, 
the crystal I ographic constants derived from these 
must always bear a rational relation to one another. 
Derivation of the Holohedral Honoclinic Fornu. The 
most general monodinio symbol, 
7td:b : mi, stands for only half aa 
many planes as are represented by 
the corresponding orthorhombic 
symbol {p. 145). As was explained 
* in Chapter II (^p. 35), the presence 
of any plane. A, making any angle 
with a single plane of symmetry, 
WXYZ, necessitates the presence of 
the similar plane B ; while to both 
Fia.ses. A aud B there must be a parallel 

plane A' and B' (Fig. 263), Four is therefore the 
greatest number of planes that can belong to any 
monoclinic form. 




* TLe process of calculating the cryslallograpbic cooataDts from 
the anglea of the f iiDdBineDlal form liecomes, In the mooocllDlc auil 
triclinic systems, too complex to be given here, and must be sought 
in works like those of DaDH, Klein or Liebisch, where mathematical 
crfslallogniphy is treated of at length. 
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The four planes coraposhig auj mouocliiiic pyramid 

iloug either altogether to 
the acute or altogether to , 
tliQ obtuse octants. Such 
forms cannot of themselves 
enclose space ; but if their 
planes are extended, tUey 
form open priams (Fig. 264) ; 
and in fact they would really 
be monoclinic prisnis if 
either of the axes lying in 
the plaiie of symmetry had 
been selected so as to run 
parallel to their intersec- 
tioQ edges. 

Monoclinic pyramids, because they occupy' but half 
of the eight octants, are called Jieini-pyraviids, and are 
furthermore distinguished as positive aud Jtegative, 
according aa their planes belong to the aeute or obtuse 
octiints.* The parameter and index symbols of cor- 
responding positive and negative he mi-pyramids are 
-^jnPn, \Ull and - mPn, {hkl]. Two such forms 
together correspond to the planes of the orthorhom- 
bic j)yramid, but they are nevertheless completely 
independent and holohedral. Their planes are of dif- 
ferent shapes, and either alone eutii"ely satisfies the 
conditions of monoclinic symmetry. 

The possible monoclinic holohedrons, derived from 
the most general symbol by giving limiting values to 

* Tills universally accepted no men cloture la uDfurtunatc, since Ibe 
four-faced nioDocHnlc pyramids nra lu uu nense lieitiiLudrul. The 
upper poflltive Fomi likewise CuLs the Dcgatlve end of the cllno- 
diagonal axis, but Mn iiange was adopted by Namuaiin bd an In make 
/((when<90")a powlive quantity, since Ibia is on Ituportaul 
Actor la the calculation of monoclinic forma. 



162 CRY8TALL00RAPHT. 

one or both of its variable parameters, agree exactly 
with those in the orthorhombic system, except that 
all forms whose planes belong exclusively to acute or 
obtuse octants become positive and negative hemi- 
forms. All forms, on the other hand, whose planes 
lie simultaneously in acute and obtuse octants are 
identical in the two systems. 

Pyramids. There are three sorts of positive and 
negative monoclinic hemi-pyramids corresponding to 
the three sorts of orthorhombic pyramids ; and, like 
them, named from the lateral axis to which their larger 
parameter, n, refers. These are : 

1. The zone or series of unit pyramids, both of 
whose lateral parameters are unity. Their general 
symbols are -\-mP, \lihl\ and —mP, \h}d\. They 
extend, according to the value of the vertical parame- 
ter, m, between the unit prism where m becomes oo 
and the basal pinacoid where it becomes 0. 

2. On one side of the unit pyramids lie those 
whose larger lateral parameter, n, refers to the ortho- 
diagonal axis. These are called hemi-orthopyramids, 
and their general symbols are + ^-P^, \hld\ (A> k) and 
— mPn, \hkl\ {h>k). 

3. On the opposite side of the unit pyramids are 
such as have their larger lateral parameter n refer- 
ring to the clino-diagonal axis. These are called 
hemi-dinopyramids, and their symbols are -j" ^-P^> 
\hE\ {h<k) and —mPh, {hE\ {h<k). 

Prisms. There are three sorts of prismatic types 
whose planes are parallel to one of the three axes of 
reference. As in the orthorhombic system, those 
which are parallel to the vertical axis are called Jt>ri5m5 
proper, and the others domes. 
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The three lands of vertical priams correspond to the 
I kinds of monoclinic pyramids, viz.: unit prisms, 
Eirhose symbols are a : 5 : oo 6, co P, j 110) ; ortkoprisms, 
P-whoao Bjiubols are a iiSi: a: t, co Pn, jAiO[ (A>A;); 
jand dinoprtSTns, whose symbols are jwi : i : co i, go Ph, 
m{JM\ (k<k). The planes of all of these forms belong 
»t once to both an acute and an obtuse octant and 
* hence do not in any way differ from the four-sided 
orthorhombic prisms. 

The monoclinic domes are named from the axes to 
I which their planes are parallel, orthodomes, whose sym- 
pbols are a : » 6 : mt, mPan, j ^OZ 1 ; and dtnodomes, whose 
lymbola are x n ■.'L:m6,m.P^ \0U\. The orthodomes 
have their planes confined entirely to two acute or to 
two obtuse octants, and hence consist of two indepen- 
dent forms of two planes each, -\-'mP5:i, [JSH] and 
- mPcb jAWj, called positive and negative hemi-ortho- 
omes. The clinodomes, on the other hand, have their 
Fplanes lying at once in an acute and an obtuse octant, 
and cannot therefore break np into hemi-forms, 

Flnacoids. These, as in the other systems, Gonsist 

t>t pairs of planes which are parallel to two of the axes. 

Their planes must belong simultaneously to two acute 

and two obtuse octants, so that they cannot iliffer from 

the corresponding orthorhombic forms (p. 149). They 

. are known as the orthnptTuicmd, parallel to the vertical 

land cirthodiagnnal axis « : oo X ; qo r, as -''*i llOOl; the 

EfllifioptniicuiW, parallel to the vertical and clinodiagonal 

uBxis 133 ff : ^ : CO (S oo Pdb , jOlOl; and the fiosa? jmBocoirf, 

r-parallel to the axis of symmetry (the orihodiagonal) 

pBOd that direction which has been assumed as the 

\ tilinodiagonal axis, x ^i : co 5 : i*, or « : /) : 0^, OP, { 001 1 . 

The relations of limiting forms in the monoclinic 

rstem are shown in the following diagram : 
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Monoclinic Forms in Combination. Monoclinic combi- 
nations are more varied, and at the same time more 
common, than those of any other system. It is, how- 
ever, impossible to convey a satisfactory idea of their 
proportions by means of plane figures ; and hence the 
use of models and actual crystals is more necessary 
than ever to render them completely intelligible. 
The first step in deciphering the combinations pre- 
sented by such models or crystals is to bring them 
into correct position, i.e. to seek out their plane of 
symmetry and to place it vertically and at the same 
time to direct it toward the observer. The orthodiag- 
onal axis will then run horizontally and from right 
to left. Thus far the position is imperative for all 
monoclinic crystals, but the selection of the remaining 
axes is a matter of convenience in each particular case. 
Of all the planes which are perpendicular to the plane 
of symmetry (that is, which belong to the orthodiag- 
onal zone) any parallel pair may be chosen as the 
orthopinacoids, and any other pair as the basal pin- 
acoids. This choice will of course be regulated by 
the habit of the crystal, and, in the case of all common 
substances, it is already established by a usage which 
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cannot he ignored. Wbicliever ijljmes are made the 
nrtUopinacoida will dttermiiie the direftiuii of the 
vertical iixia, while those selected as the basal piuacoidB 
must be placed so as to slope downward toward the 
observer, thus conditioning the direction of the clino- 
diagonal axis. When the crystal has in this manner 
beeu brought completely into position, it is possible 
to designate its other planes. All those lying in the 
orthodiagonal zone, except the pinacoids, become 
positive or uegative hemi-orthodumes. All other 
planes really belong to one class of four-aided pris- 
matic forms, and which of them become prisms, which 
cliuodomes, and which pyramids, depends entirely 
upon the choice of the ortho- and basal pinacoids. 

~ On the crystal of iron-vitriol represented in Fig. 265 
°ihe only plane whose value is absolutely fixed is the 
plane of symmetry, or cliuopinacoid 
(i). It is customary to make c the 
basal pinacoid, and p the fundamen- 
tal pri.sm, whence q becomes a cliuo- 
dome, o a negative hemi-pyramid, and 
r' and r plus aud minus hemi-ortho- 
domes. We might, however, turn the 

tflrystal so as to make c the orthopiu- 

l^acoid, q the prism, and p a cliuodome ; 

lor we might even make r' the basal pinacoid, aud 

Ir the orthojiinacoid, when o would become the jirism, 
\ liemi-orthodtime, and p aud q both pyramids. 
The following examples of monoclinic combinations 
Observed on natural crystals will be found useful. 

Fig. 266 shows a crystal of orthoclase with the forms 
«Poo, }010S{,W); OP,\m\\_{P); ooP, jllO! (7^ I 

+ P5i, \nA\ {x): ^SPA, iaoij (y); -\-p, iiii! (o)-- 
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Fig. 207 leprcHeuts u crystul of arsenic disiUphide 
(realgai), Aa,S,, with tlie forms OP, JOOlj {P); 




ooPoo, lOlOj (r); xP, \\1Q\ (M) ; ooP2, 1210} {t); 
Poo, I Oil I (n) ; and + P, jllli (s). 

Fif^. 268 represents a crystal of calcium-magnesium 
metasilicate (diopside), (CaMg)8iO, , the symbols of 
whose forms are: OP, {001} (c); odPqo, |010f (6); 
ooPob, ;100i(«); a)P, !110( (m); + 2P, j221} (o); 
aud -P jlli; (u). 

Fig. 26S) shows a crystal of calcium silico-titanate 
(sphene), CaTiSiO^, whose forms are : 
OP, ■!001Kj');aiPoo, !010( {gy,<x>PA, 
\1W] (c); ooP, jllOi (r); Poo, 
jOllKe); +P, jlliKO: 'P, 
J lilt («); 72P, 1221} (v). 

Monoclinic crystals are very ofteu 
elongated parallel to some direction 
in the plane of symmetry, which 
direction is then generally made the 
'"■ vertical axis {see Fig, 266). In cases 

where the basal pinacoid is fixed by some physical 
property like cleavage, the elongation is in the direc- 
tion of the clinodi^oual axis. This is often the case 
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with crystals of the mineral feldspar, as is shown in 
Fig. 270 which represents nearly 
the same combination of forms as 
Fig. 26a 

In still other cases the elonga- 
tion of the crystal may be in the 
dii'ection of the orthotliagoual axis, 
whose position is determined by f 
the plane of symmetry. A crystal 
of the silicate mineral, epidote, • 
Its forms 

coPob, !ioo| 



■hows this (Fig. 271). 
ire: OP, JOOli (J/); 




{T) ; + 2PA, 

-PA, \m\ (r); 

ooP, 1110i(2);+P, ]illi{ji). 

Monoclinie crystals may 

dso be flattened in the 

direction of their axis of 

symmetry, as in the case of 

sanidine ; or in a direction pei-pendicular to it, as in 

the case of mica. 



1 



Eexihedkibh in the Hokoclinic Ststeh. 

Kinds of HemlhedriniL. It is possible to select one 
half of the four planes composing a monoclinie hemi- 
pyramid in three and only three different ways, which 
are illustrated in the three following figures (272, 273 
and 274). 

1. We may select the two parallel planes B and B' 
(Fig. 263) belonging to two diagonally opposite octants 
as shown in Fig. 272, which would produce forms in no 
way differing from thosts in the following or tricHuic 
system. 
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2. We may select the two planes A and B at one 
extremity of the vertical axis ; or, in other words, the 







FiQ. 272. Fio. 273. Fio. 274. 

two which intersect in the plane of symmetry (Fig. 278;- 

By such a selection the surviving planes are still 

equally distributed about both extremities of the axis 

of symmetry, and they therefore 
satisfy all the conditions of a true 
hemihedrism (p. 41). Fig. 275 
shows such a hemihedral crys- 
tal of pyroxene, whose forms are 
the same as those represented in 
Fig. 268. 
FiQ. 275. 3. We may select the two planes 

B and A\ which intersect at one end of the axis of sym- 
metry (Fig. 274). This will result in 

the production, not of hemihedrism, 

but of hemimorphism in the direction 

of the axis of symmetry. Such a 

development is illustrated by pentacid 

alcohol (quercite), CgHj^O^. The 

forms on the crystal of this substance 

shown in Fig. 276 are : OP, \ 001 } (c) ; 

00 P, 1110} {p)^ + Pob, 1101} (r); 

and Poo, j011| (y). The latter form occurs only on 
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one side of the plane of symmetry. Other examples 
of monoclinic hemimorphism are afforded by the 
organic salts, tartaric acid ; cane-sugar ; cinchotenine 
nitrate; cinchenedibromide ; and camphoroxime. 

Forms produced by the second of these three modes 
of selection retain their plane of symmetry, while by 
both the other methods of selection this disappears. 

Tetartohedrism in the Monoclinic System. The inde- 
pendent occurrence of one quarter of the planes of the 
most general monoclinic form would result in the 
most simple form conceivable, 
i.e. a single plane. This would / 
not be separable from hemihe- ' 
drism in the triclinic system. 



:n. — .^ V 



\m 



where each holohedron consists nKT p jS 

of two parallel planes. The re- ^^^^^^ ^ 

peated occurrence of isolated 

pyramidal planes on crystals of cane-sugar has led 
some authors to consider this substance as possibly 
an example of such crystallization (Fig. 277). 



CHAPTER Vni. 

THE TRICLINIC SYSTEM.* 

Symmetry and Axes. The only possible grade of 
symmetry lower than that possessed by the mono- 
clinic system (p. 158) consists in the absence of any 
plane of symmetry whatever. We have already en- 
countered in all the preceding systems partial forms 
which were altogether without symmetry ; but suet 
forms do not generally possess the property, which 
belongs to every crystallographic holohedron, of hav- 
ing their planes distributed in parallel pairs (p. 18). 
The forms of the present system, if they are to be re- 
garded as holohedral, must possess this property, as 
they do. 

Since there is no plane of symmetry, the presence 
of any face necessitates only the presence of its oppo- 
site parallel face (see Fig. 31, p. 35) ; so that all forms 
of the triclinic system are alike in consisting of only 
two parallel planes. 

The selection of the three axes of reference is alto- 
gether a matter of convenience, since none of them can 
be an axis of symmetry. Any three pairs of planes 
occurring on a crystal may be chosen as the pinacoids, 
and so be made to determine the positions of the axes. 
The axes will therefore differ, not merely in their unit 
length, but also in their directions for all triclinic crys- 
tals of different substances (crystal series) ; while their 

* Also called the asymmetric, clinorJiombaidal or anorVm system. 
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directions may also differ for crystals of the same 
substance, if tliey are differently chosen by different 
authors. But however the axes are selected, they must 
always be of different unit 
lengths, and must also be ob- 
liquely inclined to each other, 
whence the designation of this 
system as the tridinic. When ■ 
their directions are decided 
upon, it is customary to place 
the crystal in such a position 
that one axis shall stand verti- 
cally (the vertical axis, 6) (Fig. 
278) ; while the longer of the 
two remaining axes inclines 
downward toward the right {mojcrodiagonaly 5), and the 
shorter downward toward the front {brojchydiagonal, a). 
The three oblique interaxial angles are designated by 
Greek letters as follows : 6/\b=a;6/\d = /3; 
b /\d = y. When in the above position, all the inter- 
axial angles in the upper right front octant will be 
greater than 90°. 

Fundamental Form and Crystallographic Constants. In 
the triclinic system there are five constants to be de- 
termined for each crystal series. These are the three 
interaxial angles, a, /3 and y, whose values are given 
by the inclinations of the faces selected as pinacoids, 

a c 

and the two irrational quotients, j- and t-, which de- 
termine the axial ratio, d :b : i, just as they do in the 
orthorhombic and monoclinic systems. These five 
constants cannot all be determined from a single form ; 
nor is this uecessarj', since a triclinic form cannot 
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occur except in combination with others. If the direc- 
tions of the axes are known, both ratios may be calcu- 
lated from any pyramidal face which is selected as tho 
unit pyramid ; or the first may be more easily obtained 
from a prism, and the second from a dome face. The 
macrodiagonal axis, 6, is here, as in the preceding sys- 
tems, assumed as the unity for the axial ratio. 

Derivation of the Holohedral Triclinic Forms. When 
the fundamental forms have been selected for any 
triclinic substance, and its crystallographic constants 
thereby determined, the designation of all other possible 
forms agrees closely with that employed in the ortho- 
rhombic system. We have but to remember that no 
triclinic crystal form can consist of more than two 
planes, and that these must always be parallel, as ex- 
plained on p. 35. 

Pyramids. Any plane on a triclinic crystal which 
intersects all three of the directions assumed as the 
crystallographic axes is a pyramid. Furthermore, any 
pyramid may be selected as the fundamental form, as 
was stated above. When this selection has been made, 
there will be a possible zone of unit pyramids whose 
lateral parameters are the same, but whose vertical 
parameters are different from those of the fundamental 
form. 

Pyramidal planes occurring on one side of the unit 
pyramids, with their parameters on the brachydiag- 
onal axis greater than unity, are called brachypyra- 
raids ; while those occurring on the other side of the 
unit pyramids, with their parameters on the macro- 
diagonal axis greater than unity, are called macro- 
pyramids, as in the orthorhombic system (p. 147). 

Since the entire absence of sj^mmetry in the tri- 
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clinic system necessitates but two parallel plunes for 
.my complete liololiedral form, no tricliiiio pyramid 
can occupy more than two of the eight octants into 
which the axial planes divide space. By the oblique 
intersections of these axial planes, however, these 
octants are not all similar, as in the orthorhombic 
system, but fall into four pairs of dissimilar octants, 
the similar membera of each pair being diagonally 
opposite. The two parallel pyramidal ] lanes occur- 
ring in any one of the four pairs of octants are entii'ely 
independent of any planes occurring in the other 
octants, even when these Lave the same parameters. 
Because the complete triclinic pyramid can occupy but 
one quarter of the octants it is called, by analogy witli 
the monoclinic hemi-pyramid (p. 161), a tetra-pyraviid 
(see Fig. 31, p. 35). 

The symbols for the triclinic pyramids are like those 
of the other systems, except that an accent is written 
near Naumaun's initial P, to designate which one of 
the four dissimilar octants on the front of the crystal 
the form belongs to. Thus the four triclinic tetra- 
pyramids whose parameters are all unity are written : 

IU F' j 111 \ for the upper right-hand octant ; 
I 'P jlilt for the upper left-hand octaut ; 
I PJlli| for tlie lower right-hand octaut; 
I ,P jliij for the lower left-hand octant. 
J" frismi. AH forms of the prismatic type {p. 36) are 
Bomposed of planes which are parallel to one of the 
crystallograpliic axes, and therefore common to two con- 
tiguous octants. In the ()rthorhombic system these 
forms are all composedof four planes wliich correspond, 
in the triclinic system, to two iudepeiideut forms of two 
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plaues each. By analogy with the orthorhombic 
designation (p. 148), these are called hemi-prisms when 
they are parallel to the vertical axis; hemi^frachy- 
domes when they are parallel to the shorter lateral 
axis ; and hemi-macrodomes when they are parallel to 
the longer lateral axis. Like the pyramids, their 
position is indicated by accents written in the symbols, 
though two of these are now necessary to show the two 
octants to which their planes belong. Thus the 
symbols for tbe prismatic forms two of whose param- 
eters are unity become in the triclinic system 

00 P/\110\ right-hand hemi-prism ; 
' coP \ 110 ! left-hand hemi-prism ; 
^P(3b' jOllS right-hand upper hemi-brachydome ; 
'Pob^ \ oil } left-hand ujiper hemi-brachydome ; 
'Poo' { 101 [ upper front hemi-macrodome ; 
^Pob^ \ 101 } lower front hemi-macrodome. 

Pinacoids. The pinacoidal planes are parallel to two 
axes, and therefore belong equally to four contiguous 
octants. The pinacoids consist of but two parallel 
planes in the orthorhombic system (p. 149), and there- 
fore cannot be different, except in their relative incli- 
nations, in the triclinic system. Their names and 
symbols are identical with those in the orthorhombic 
system, viz. : 

ooPob|010} parallel to a and 6, the brachy-pinacoid ; 

ooPobjlOO} parallel to b and c, the macro-pinacoid ; 

OP { 001 } parallel to a and 6, the basal pinacoid. 

In the following diagram the relation of the differ- 
ent form-types possible in a triclinic crystal series is 
represented as it has been in each of the preceding 
systems. 
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Prismatic Zone. 

The derivation of the iudex symbols, corresponding 
to these parameter symbols of Naumann, is in all re- 
spects the same as in the preceding systems, and can 
therefore present no difficulty. 

Triclinic Forms in Combination. Since the number of 
planes belonging to each form is in the triclinic sys- 
tem the least possible, the variety of possible combina- 
tions is proportionately greater. Such combinations 
are not, however, difficult to decipher. Familiarity 
with them can only be acquired by study of figures, 
models, or crystals of triclinic substances, a few 
examples of which are here appended by way of 
illustration. 

Fig. 279 shows a combination observed on calcium 
hyposulphite (Ca8,0, + 6 ^q)* If we assume the face 
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c as the basal piiiacoid OP {001}, and b as the bracLy- 
piuacoid, ooPdb {010}, then the symbols of the other 
planes become: oo P/, {110} (p); /ooP, {110} {p'); 
and ,P*', {011} (q). 
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Fig. 280 reproduces a crystal of hydrous copper 
sulphate whose forms are: OP, {001} (c); ooPdb, 
{100} (a); ooP&, {010} (6); oo P/, {110}(»); > P, 
1 110} (m); /qoP2, {120} {I); and P', {111} (s). 

Fig. 281 shows a crystal of the manganese meta- 
silicate (rhodonite), MnSiO,, whose forms are: OP, 

{001} (c); ooPob, {100} (b); oo Pdb, 
{0101 (a); OOP/, {110} (m); ,P*', 
{011} {h); 'Poo', {101} (o); and ,Pob,, 
{101} {8). 

Fig. 282 shows a crystal of the 
same substance as the last with a 
somewhat different combination and 
placed in a different position. The 
same planes have the same letters as in 
Fig. 281, but they now receive differ- 
ent symbols, as follows : OP, 1 001 \ (a); 
ooPob, 1100} (o); ooP(5b, {010} (s); 
ooP/,{110[ (6); /ooP, jllO} (c); 2P,, 
Fia.m 1221{(7i);and,2P,{22l}. 
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Fig. 283 shows a complicated crystal of calcium 
aluminium unlsilicate (auortLite), CaAl,Si,0,, wliose 
planes are given the symbols: 
OA lOOlj {P); a)P&,!010j (M); 
coP/, IllOi (0; /<x>P, !liO| (T); 
qoPS/,|130K/); >/'3,|igOi(a); 

P',\ni\i7ay, 'P,\ini {ay, p,, 
ill! I («); ,i>, iiiis (p); 4Pi^., 

i241| {v); 'P&', 1 101 1 ((); .aPdb,, 

i201i (y); ,/>&', jOllj (e); ,2P&', 

|021[ (r); and 'P*,, |Oil| (w). The obliquity of the 

axes in this crystal is so slight that it approaches 

closely to its limiting form in the monoclinic system, 

which actually occurs on the corresponding potassium 

feldspar, orthoclase. 

How crystals may find their limiting forms in sys- 
tems of a higher grade of symmetry has already been 
explained in Chap. IV (p. 91). To 
make this clearer, the student will 
find it a useful practice to select 
some form of a high grade of sym- 
' metry and consider what forms in 
systems of lower symmetry it limits. 
For instance, the isometric rhombic 
dodecftliedrou (Fig, 284), whose 
Pio. aw. symbol is oo rt : n : rt, is bounded by 

twelve planes, which correspond to two tetragonal,three 
orthorhombic, four monocliuic, and six triclinic forms, 
as is shown in the diagram at the top of the next page. 
The limiting forms iu different systems become of 
practical value iu explaining the so-called "o]>tical 
anomalies" exhibited by many crystals whose physical 
behavior is not strictly in accord with what seems to 
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be their external form ; and in this connection they 
will be again referred to in Chapter X. 



CHAPTER IX. 

DEDUCTION OF ALL THEORETICALLY POSSIBLE 
CLASSES OF CRYSTAL FORMS. 

Introduction. It has been customary for mineral- 
ogists to regard only those classes of crystal forms 
which have actual representatives in nature. For 
this reason the generally accepted six crystal systems 
and their subdivisions have gradually been developed 
according to the empirical principles of Weiss* and 
Naumann. Attempts on the part of mathematicians 
have not, however, been wanting to deduce all geo- 
metrically possible classes of crystal forms, quite 
irrespective of their occurrence on natural substances. 
This problem is capable of solution in the same way 
that all classes of geometrically possible polyhedrons 
are deduced, provided that the law of rational indices 
is introduced as a limitation. Such a treatment yields 
a surprisingly small number (thirty-two) of theoreti- 
cally possible crystal classes. 

This result is by no means new. It was first 
obtained by Hesselt in 1830, and imperfectly by 



♦ Ahbandlungen der Berliner Akademie, 1815, p. 289. 
tOehler's Physikaliscbes WOrterbiicb, Article "Krystall," 1830 
(see Zeitscbrift f Qr Krystallograpbie. vol. 18, p. 486, 1891). 
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Bravais * (1849) and Mobius t (1851). More olegant 
demonstrations were produced by Gadolinij: (1867), 
by Curie § (1884), and by Minnigerode II (1887). This 
work, on account of its abstruseness and purely theo- 
retical character, at first attracted but little attention 
from mineralogists and crystallographers. Recently, 
however, the discovery of representatives of various 
divisions of the different systems which were before 
regarded as only theoretically possible, and a much 
simpler presentation of the whole subject by Fedo- 
row IF and Schcinflies, ** have rendered the deduction 
of all mathematically possible classes of crystal forms 
a matter of practical value. It has therefore seemed 
advisable to incorporate a brief outline of these 
results in a book even as elementary as this. 

Definitions. The complete classification of all theo- 
retically possible crystal forms is based upon their 
symmetry. The terms, however, in which this sym- 
metry is defined differ so far from those heretofore 
employed in this book that a few new definitions are 
necessary. 

Polyhedrons in general may be classified in accord- 
ance with the various ways in which they can be 
brought into positions congruent (see p. 67) with their 
original position. This may be accomplished some- 



* Journal de Malhematique, vol xiv, 1849. 
fBericlite der Sftchs. (Jes. der Wiss., vol. ni, 1851. 
t Verhandlungen d. kais. Min. Ges. St. Petersburg, 1867. 
§Bull. soc. min. de France, vol. vii, 1884. 
II Neues Jahrbucb fUr Min., etc.. Bell. Bd. V, 1887. 
If Symmetrie der regelmftssigen Systeme von Figuren, St. Peters- 
burg, 1890. 
** Krystallsysteme und Kiystallstructur, Leipzig, 1891. 
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times by simple revolution througli some definite 
angle ; soraetimes bj simple rejection in some defiuite 
plane ; and sometimes by a combination of revolution 
and reflection. Tlie number and kind of operations 

[by which congruent positions ate secured determine 
the symmetry of the polyhedron. An exhaustive dis- 
cussion of all the possibilities in this direction yields 
at the same time all theoretical classes of polyhedrons 
land the basis of their classification. 

Figures which can be brought into congruent posi- 
tions only by revolution about some axis possess a 
lower kind of symmetry than those which can also 
produce such positions by reflection, because the 
iormer must themselves always be devoid of planes of 
symmetry (see p. 32). The operations by which the 
symmetry of any polyhedron is determined may 
therefore be divided into two classes, according as 
they do, or do not contain reflection. If congruence 
is produced only by revolution, the operations and 
the symmetry is said to be of the ^rat kind{ersfer Art); 
if, however, they contain reflection, either with or 
without revolution, they are said to be of the second 
ittd {zweiter Art). 

The line about which a revolution takes place is 
e&lled an axis of symmetry. Such an axis is of the 
Jlrst kind or second kivd according as it is not, or as it 
is combined with reflection. The number of times 
that congruent positions are produced during a revolu- 
^tion of 360° about any axis of symmetry determines 
,Uie period of this axis. 

Example : Tlie trigonal trapezohedron (Fig. 221, p. 
plainly capable of producing congruent posi- 
lus by revolutions of 120°, 240°, and 360° about its 
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vertical axis. It can, however, be revolved into no 
position where, by reflection in any plane, it repro- 
duces its original position. Its symmetry is therefore 
entirely of the first kind, and the period of its axis of 
symmetry is 3. The rhombohedron, on the other 
hand (Fig. 194, p. 123), produces congruent positions, 
like the trapezohedron, by revolutions of 120°, 240°, 
and 360° about its vertical axis. If, however, it be 
revolved about this same axis 60°, 180°, or 300°, and 
then be reflected in a plane parallel to a prism of the 
first order, its original position is reproduced. This 
figure therefore possesses symmetry of both the first 
and second kinds. 

Axes of symmetry are further distinguished as 
hUatercd (zweiseitig) and hemimorphic {einseitig) accord- 
ing as they are, or are not equivalent in two opposite 
directions, reckoned outward from the center of the 
figure. 

Some figures are capable of producing congruent 
positions by revolution of 180° about a line, and then 
reflection in a plane normal to this line. This opera- 
tion is called inversion^ and is only possible in poly- 
hedrons whose planes are arranged in parallel pairs. 
Polyhedrons of this sort are always symmetrical about 
a point, called a center of symmetry. 

The plane of reflection in operations of the second 
kind generally becomes a 'pkme of symmetry (p. 32.) 
Operations of the second kind, and hence symmetry 
of the second kind, are only possible in polyhedrons 
which themselves possess either a plane or a center 
of symmetry. 
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I 

^^^H As has been stated above, the deductiou and classi- 
^^^H fication of all possible classes of crystui furm^ latiy be 
^^^ made a special case of a general treatment of all geo- 
metrical aolids by introducing the empirical, though 
I fuudameutul law of the rationality of the indices (see 

^^^H p. 26). It can be mathematically demonstrated that 
^^^^Ms^yhedrrms lohich are siAJect to this Inio can possess only 
^^^f^iJiose axes of symmetry whose periods tire 1, 2, 3, 4 or 6. 
^^^^ This fact, whose demonstration in this place would 
ocenpy too much apace,* is of prime importance, 
I since it reduces the number of theoretically possible 

^^H( crystal classes to the relatively small number, thirty- 

^^^^ By a crystal class is meant the sum of all those crys- 
I tal forma which have the same grade or kind of 

symmetry. The thirty-two possible classes may be 
I vaHously grouped into systems in accordance with 

^^^Loertaiu common traits. Actual representatives of all 
^^^^hUie thirty-two classes are not yet known. 
^^^^r We may now proceed to deduce all possible grades 
' of aymiuetry which crystals can possess. To do this 

we may first consider the results of all operations of 

the first kinii, and tlien those derived from operations 

of thii second kiiid. 

OperatiouB of the Firat Kind and their Corresponding 

Crystal Classes. There are three general cases possible. 
L A single Itemtviorphic axis, whose period may be- 1, 
I, 3, 4 or 6. (Cyclic groap.) If we represent this 

' ileiDDitsti'utlou, EGc Lltbiscb: PLyslku]l5<:lic KryaUillograpldt!, 
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axis with C, and write the period as a coeflScient, the 
symbols for this group become (7, , (7, , (7, , C^ and C^ 
CV A form which cannot be brought into congruent 
position by any revolution less than 360° is devoid of 
all symmetry. Such an operation brings the form 
into a position identiad with its original position. 

1. Triclinic, hemihedral — G^ (p. 169). 

The other symbols produce congruent positions by 
revolutions about a single hemimorphic axis only 
through angles of 180°, 120°, 90° and 60°, respectively. 
They correspond to the four crystal classes : 

2. Monoclinic, hemimorphic — G, (p. 168). 

3. Hexagonal, tetartohedral hemimorphic — (7,. 

4. Tetragonal, hemihedral hemimorphic — C^ (p. 103). 

5. Hexagonal, trapezohedral hemimorphic — 6V 

II. A single hihderal or principal axis of symmetry 
ivifh a period o/* 2, 3, 4 or 6, necessitating certain acces- 
sory axes of symmetry tvJiose periods must be 2. (Dihe- 
dral group.) The bilateral character of the principal 
axis implies the existence of accessory axes of sym- 
metry at right angles to it, and at distances correspond- 
ing to its own period. Revolution about these acces- 
sory axes of 180° brings one extremity of the principal 
axis to coincidence with its opposite and equivalent 
extremity ; hence the periods of all such accessory 
axes can be only 2. If we represent the principal axis 
by D, the possible symbols become D^, D^^ D^ and 
D^ , corresponding to four possible crystal classes : 

6. Orthorhombic, hemihedral — D^ (p. 155). 

7. Hexagonal, trapezohedral tetartohedral — i>, (p. 
133). 

8. Tetragonal, trapezohedral hemihedral — D^ (p.97). 

9. Hexagonal, trapezohedral hemihedral — D^ (p. 
118). 
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III. More than one axis of symmetry tmlh periods 
greater than 2. (Regular or isometric group.) 

Any two axea, a and h, liaTing any possible periods, 
?*. nnd p, must be so related to each other that a revo- 
iutiou about either one of them through an aogle 
corrfiHpouding to its period, trausforma the other axis 
iiito au axis of Hymiiietrj with the same period as it 
possessed befi>re the revolutiou. lu other words, auy 
possible revolutiou about any axis of symmetry trans- 
forms the eutire system of related axes iuto a congru- 
ent position. 

If we conceive any siich system of ases as inaeribed 
within a sphere, we shall find that, whatever be the 
periods n and p, the surface of the sphere is divided by 
all possible revolutions iuto regular polygons Laving 
n sides.* Tliia fact leads us to the important result 
that the periods n and ^? can have only those values 
which occur iu the regular polyhedrons of geometry, 
viz., K = 3 and ^ = 5, 4 or 3. The first of the 
three values for p, however, does violence to the law 
of rationality of the indices ; hence there can be only 
two cases of crystallographic importance, viz., n = 3, 
p ^ 3 and Ji = 3, p = 4. The first of these cases leads 
to a group consisting of four hemimorphic axes with 
periods of 3, whose intersection angles at the centre 
of the figure are bisected by three bilateral axes 
whose periods are 2. These are the axes of the regu- 
lar tetrahedron, and are known as the tetrahedral 
grouji, T. They lead by operations of the first kind 
to only one new crystal class : 

10. Isometric, tetartohedral— T (p. 76). 

* Th(i prooC of lliis cannot advaalsgeousty bu introduced here. 
8ee HcbOjifiiea, loe. cH. p. 64 
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The Becond of the above-mentioned cases leads to a 
group of three bilateral axes with periods of 4 ; four 
bilateral axes with periods of 3 ; and six bilateral axes 
with periods of 2. These axes are arranged like the 
perpendiculars, body-diagonals and face-diagonals of 
a cube. They form the so-called octahedral group, 
0, They also lead by operations of the first kind to 
only new crystal class : 

11. Isometric, gyroidal hemihedral — (p. 63). 

With those classes all operations of the first kind 
possible with polyhedrons having rational indices are 
exhausted. There can therefore exist only eleven 
crystal classes of the first kind, i.e., having axes, but 
no center or planes of symmetry. These may be tab- 
ulated as follows : 



Number. 


(Iroup 
Name. 


Symbol. 


Number 
of Opera- 
tions. 


Hemi- 

morphic 

Axes. 


Bilateral Axes. 


1 

2 


• 

a, 

p 

2 




1 
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h 








3 




G, 
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K 






4 
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• •-4 


. G, 
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4 




h, h 9 h 
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1^ 
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m. 
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SB 

5^ 
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8 




h.%,%' 


9 
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12 




tl , 0^2 9 Oit^ 


10 
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12 


4^ 


2.k 


11 


§2 

So 





24 
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3^4 . 44 , 6ij 



h stands for a priucipali and I for an accessory, axis of symmetiy. 
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Operations of the Second Kind and their Correspondiiig 
Crystal Classes. Operatious of the second kind consiat 
either of simple reflection in some determined plai 
or of a revolution about some asia combined with such 
reflection. Operations of the second kind may be 
either purely such, or they may coexist with and in- 
clude operations of the first kind. There are four 
general cases possible. 

I. A single axis of symmelry of the. secoml land. Such 
an axis can produce congruent positions only by revo- 
lution combined \vith reflection in a plane normal to 
the axis. It is incapable of producing such positions 
by revolution alone. Such an axis must always be 
bilateral, because the reflection reproduces it in the 
reverse position. We may represent such a single 
axis of the second kind by S, when the possible cases 
yielding new kinds of symmetry become S,, S,,S, , S^ 
and S,. 8, represents simple reflection without revo- 
lution or after revolution of 300°. The resulting class 
of crystal forms must therefore possess one plane of 
symmetry, but no other symmetry element, i.e., neither 
axis nor center of symmetry. 

_ 12. Monoclinic, hemihedral— S, (p. 168). 

I S, represents simple inversion, i.e., revolution of 

FlSO" about any axis and then reflection in a plane 
normal to this axis. Such a class, as above explained 
(p. 182), must possess a center of symmetry, but no 
plane of symmetry. 

13. Triclinic, holohedral— .?, (p. 172). 
The three remaining possibilities, S, , 5, and S, , rep- 
resent three new crystal classes, though one of them 

[■ is, as we shall see later, capable of being defined in 
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somewhat simpler symmetry elements. These three 
classes are : 

14. Hexagonal, sphenoidal tetartohedral — 8^. 

15. Tetragonal, sphenoidal tetartohedral — S^. 

16. Hexagonal, rhombohedral tetartohedral — 8^ (p. 
137). 

II. A single axis of the first hind, A single axis of 
the first kind, i.e., one capable of producing congruent 
positions by simple revolution, may also be combined 
with reflection in certain planes and thus produce oper- 
tions of the second kind. Such a reflecting surface 
must of course be so situated as to reproduce the axis 
with its direction unclianged. That is, it must be 
either perpendicular or parallel to the axis. In the 
first case the axis must become bilateral through re- 
flection ; in the second case, however, it may remain 
hemimorphic. If we represent the axis of the first 
kind, as before, by C, we obtain eight symbols which 
stand for the four possible periods with horizontal 
(perpendicular to axis) and vertical (parallel to axis) 
reflecting planes : 

0^ /7^ /i^ ri^ 

2 9 ^8> ^i9 ^8» 

29 ^8» ^4> ^8« 

Of these eight groups of operations, C^J is identical 
with the group 8^ , above considered, while all the 
rest represent new crystal classes. The axes of the 
lower row of symbols are all hemimorphic. The re- 
sulting seven new classes are : 

17. Monoclinic, holohedral — C^ (p. 160). 

18. Tetragonal, pyramidal hemihedral — C^ (p. 98). 

19. Hexagonal, pyramidal hemihedral — C^ (p. 119). 
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"■20. Oi'tlio rhombic, Lfimiiuorpliic — C° (p. 156). 

21. Hexagonal, rliomboheilral hemimorpbic — 0', 

(p. i«). 

22. Tetragonal, holohedral hemimorphic— Cj (p. 
103). 

23. Hexagonal, liolohetlral liemimurpliic — C\ (p. 
141). 

IIL A Singh bilateral or principal axis of symmetry 
of the first Hml with a period of 2,3,4: or G, necessitat- 
ing ot/ier accessory axes of symmetry with periods of 2. 
— In the two general caaea of tlie second kind just 
considered, tlie ainj^le axis of aymmetrj has been of 
itself hemimorphic (einseitig), and owes its bilateral 
character, when it possesses it, to a definite operation 
of the second kind, viz., reflectiou in a horizontal 
plane. Such horizontal reflection does not necessa- 
rily produce a horizontal plane of symmetry with axes 
of the second kind, because it is accompanied by a 
revolution. The case S, produces a horizontal plane 
ot symmetry and also congruence three times in 360" 
by simple revolution. This class therefore necessarily 
possesses au axis of the first kind and a horizontal 
plane of symmetry. Hence it is entitled to the sym- 
bol C, , as above raentionecL The case S, , on account 
of the even number of its period, contains the opera- 
tion of inversion, and hence a center, though no 
plane of symmetry. Its character is equally defined 
by an axis of the first kiud with period 3, and a cen- 
ter of symmetry, Cj ( i-inversion.) A reflecting sur- 
face combined with an axis of the first kind, C, always 
l)ecorae8 a plane of symmetry. 

It now remains to consider an axis of symmetry 
itttelf bilateral (analogous to the dihedral group 11, 
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ill operations of the first kind) ^dth which operations 
of the second kind (reflections) are united. We have 
seen that snch an axis necessitates certain accessory 
axes of period 2, perpendicular to it and at angular 
distances from each other corresponding to the period 
of the principal axis. This does not, however, imply 
the existence of a plane of symmetry. If to an axis 
of this kind, i>, we add a reflecting plaixe, this may 
have either a horizontal or a vertical position. 

Consideration will show that, in case the reflecting 
plane is normal to D (horizontal), all vertical planes 
passing through the principal axis and the accessory 
axes corresponding to its period, will be planes of sym- 
metry. In case the reflecting planes are vertical, on 
the other hand, they can produce a different result 
from this, only when they bisect the angles between 
the accessory axes. This last position we may desig- 
nate as the diagonal and represent it by an index, ** . 
It is evident that this diagonal position of the vertical 
planes of symmetry can only have a crystallographic 
significance for principal axes of periods of either 2 or 
3. In case the periods are larger, the doubling of 
them by bisecting their angles yields periods greater 
than 4 or 6, which are crystallographically impossible. 
The possible symbols, therefore, derivable by opera- 
tions of the second kind from dihedral axes are 

ift, i^„ uf:, si. 

These stand for the following six crystal classes : 

24. Orthorhombic, holohedral — D^ (p. 142). 

25. Hexagonal, sphenoidal hemihedral — I/^. 
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26. Tetragonal, holohedral— />! (p. 81). 

27. Hexagoual, holohedral— Uj (p. 104). 

28. Tetragonal, sphenoidal hemihedral— Z>5(p. 100), 

29. Hexagonal, rliombohedral hemihedral — D, (p. 
122). 

IV. More than one axis of symTnetry vnik periods 
greater than 2. It remains only to consider the pos- 
sible results of introducing operations of the second 
kind into the two systems of axes which can contain 
more than one axis of period greater than 2. 

The first of these, the tetrahedral group, contains 
in its three bilateral axes with periods of 2 (see p. 185) a 
group like D» . Hence only sncli operations are pos- 
sible for the whole system as will transform this group 
into a congruent position. These have already been 
found to be only two, /), and J)^ . There can there- 
fore be only two operations of the second kind possi- 
ble with the tetrahedral system of axes. The symbols 
for these are 

?* and 7^. 

. Isometric, pentagonal hemihedral — T* (p, 66). 

31. Isometric, tetrahedral hemihedral — 7** (p. 71). 
The second or octahedral group contains the same 

axes as the tetrahedral, and it can therefore have only 
the same two operations, 0" and O'', but both of these 
are found to lead to the same result. Hence it can 
produce only one new crystal class. 

32. Isometric, holohedral — 0" {p. 46). 

These twenty-one cases exhaust all possibilities of 
crystal classes derivable by operations of the second 
kind, whether alone or in combination with operations 
of the first kind. The results may be tabulated, simi- 
larly to the eleven classes of the first kind, as follows : 
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Oboupihg of the Classes of Cbtstal Forms into 

Ststems. 

The thirty-two possible classes of crystal forms just 
deduced may be variously grouped into systems. Al- 
though not perhaps the most natural grouping from a 
purely geometrical point of view, the usually accepted 
division into systems, which has been gradually and 
empirically developed, is the one which best accords 
with the theories of crystal structure, and the one 
which does least violence to the physical properties 
of crystals. It is the one which has been followed 
in this book, and in accordance with it the thirty-two 
possible classes may be arranged as follows. A repre- 
sentative example of each class is given as far as 
such are known. 

I. Isometric System, 

0^ Holohedral Garnet (Fig. 61) 

Gyroidal hemihedral . . . Sal-ammoniac 
T^ Pentagonal hemihedral . . Pyrite (Figs. 83-87) 
T« Tetrahedral hemihedral . . Sphalerite (F. 103) 
T Tetartohedral .... Sodium chlorate (F. 121) 



II. Hexagonal System. 

First Division, 

/>J Holohedral Beryl (Fig. 179) 

2),; Trapezohedral hemihedral . Triethyl trimesitate? 
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Cj Pyramidal hemihedral . . Apatite (Fig. 191) 
d Hololiedral hemimorphic . . Zincite (Fig. 237) 
Ce Trapezoliedral hemimorphic . Nepheline ? (p. 141) 

Second Division. 

D\ Sphenoidal hemihedral . . ? 

i>3 Ehombohedral hemihedral . Calcite (Fig. 215) 
S^ Sphenoidal tetartohedral . . ? 

S^ Rhombohedral tetartohedral Phenacite (Fig. 236) 
Z>3 Trapezoliedral tetartohedral Quartz (Fig. 229) 
d Ehombohedral hemimorphic Tourmaline (F. 236) 
C3 Tetartohedral hemimorphic. ? 

(Ogdohedral.) 

III. Tetragonal System. 

First Division. 

D^ Holohedral Vesuvianite (F. 144) 

2?4 Trapezohedral hemihedral . Strychnine sulphate 
C^ Pyramidal hemihedral . . . Scapolite (Fig. 153) 

C4 Holohedral hemimorphic . . lodosuccinimide (Fo 

158) 
C4 Hemihedral hemimorphic . Melinophane ? (p. 

103) 

Second Division. 

D^ Sphenoidal hemihedral . . Chalcopyrite (F. 156) 
/S4 Sphenoidal tetartohedral . ? (p. 103) 



CLASSES OF CRYSTAL FORMS, 195 

IV. ORTHORHOMBIC StSTEM. 

/)J Holohedral Olivine (Fig. 255) 

/>2 Hemihedral Epsomite Fig. 258) 

0'^ Hemimorphic Struvite (Fig. 259) 



V. MoNocuNic System. 

C^ Holohedral Orthoclase (F. 266) 

iS\ Hemihedral Pyroxene (Fig. 275) 

Cg Hemimorphic Quercite (Fig. 276) 

VI. Tricjunic System. 

S2 Holohedral Axinite (Fig. 364) 

C^ Hemihedral Cane-sugar (F. 277) 

All of the thirty-two possible crystal classes are 
described in this book with the exception of three in 
the hexagonal system, of which no representatives 
are as yet known. These are the sphenoidal hemi- 
hedrism and tetartohedrism ; and the combination of 
hemimorphism with any one of the tetartohedrism s 
(ogdohedrism). Triclinic hemihedrism is mentioned 
under the head of monoclinic tetartohedrism, with 
which it may be regarded as identical. 
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Kaleidoscopic Gharactes of Stmmetsical Csystal 

FOBM& 

All crystal forms wliicli possess plaues of symmetry 
are kaleidoscopic figures — that is, figures which may 
1)0 produced by the reflection of one of their asym- 
metrical segments in a combination of mirrors. This 
property was first noticed for the holohedral forms 
hy Mobius in 1852, but its importance as a practical 
aid in crystallographic demonstration has only re- 
cently been emphasized by Werner, Hess,* and Fedo- 

row.t 

Forms which are entirely devoid of planes of sym- 
metry cannot be produced by kaleidoscopic reflection 
Those which possess but one plane of symmetry may 
be produced by a single reflecting surface, but their 
character is too simple to require such a demonstra- 
tion. All forms having two or more planes of sym- 
metry may be produced by reflection in dihedral or 
trihedral mirrors, whose angles are those of the 
smallest sectants enclosed between the planes of sj-m- 
metry of the respective forms. 

If, for example, a trihedral mirror be constructed 
with its sides inclined to each other at angles of 90°, 
60° and 45°, it will have the form of one of the sec- 
tants into which the nine holohedral isometric planes 
of symmetry divide space (Fig. 48). Now, if a surface 
be introduced into such a mirror, its reflection in 
the planes of the mirror will produce some isometric 



* Neues Jahrbuch filr Mineralogie, etc., 1889, i. p. 54. 
t Ih,, 1890, 1, p. 234. 
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hololiertron, WLich of tlie seveu bolohsdral typea 
will be thua produced depends upon the iucliuatioii 
of the surface to the planes of tlie mirror, but iu 
every case the figure wOl Hpjjejir to Vie divided into 
segmeuts by all of itH jilaiiea of symmetry. Hess sug- 
gested the use of tiiungular plates with their ceuters 
cut out so nH to exhibit the iuterior of the figure, and 
of siitfh a form as to take the proper position in the- 
mirror. The desired residt may, however, be more 
(!onveuiently attained, as Fedorow suggests, by using 
niercnry to give tiie necessary surface. An iuclina- 
tiou of the mirror will then bring the surface iuto any 
position, and the difl'ereut holuhedrous can be succes- 
sively produced, and even be made to grade iuto one 
another in a manner which well illustrates the nature 
of limiting forms. (See page 57 and frontispiece.)* 

Since all the forms possible in one crystal class ])ob- 
sesB the same grade of symmetry, any mirror which 
can produce one of these forma by reflection must be 
capable of producing all the others. It is, h^jwever, 
possible to produce kaleidoscopic forms by the reflec- 
tion of a single surface only wheu each plane of the 
most general form occujjies one entire sectant of sym- 
metry. This is the case in only ten crystal classes, in 
six of which the sectants are trihedral, while the other 
four are dihedral. These are here enumerated, with 
the angles between the reflecting surfaces : 



• PbiIotow «Iio*r (Nuiica Jalirliiicli fQr Miu., utc., 1890, i. p. W4) 
thnt if lliu mirror be flxKd Id a imlvorsiil Joint upon n Arm slHOii anc] 
ill «oti(l nnslu lie prolonged dowiiwnril by ao index- need In, Ihe 
mirror nisy Uieu be given ll»e projJer iitcUnHllor lu produce niiy 
form disiired liy niun-lj pliicing Ihe point of llie [it'edlf iil lliu corre 
^KUuUuti Polu of Uic form uu u guuuic piojualuu of ull thu forms of 
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1. Isometric, liol.iliedral (Fig. 51), . 45°, 60", 90°. 

2. Isometric, tetrahedral heioihedral 

(Fig. 88), 60°, 60°, 90". 

3. Hesa^'oual, holohedral (Fig. 164), . 30", 90°, 90°. 

4. HoKJigoujil, 8i)lieuoiiIal hemiliedral, 60°, 90°, 90°. 

5. Tttti-agouul, holohedral (Fig. 126), . 45°, 90°, 90°. 
(J. (Jrthorhombic, holohedral (Fig. 240), 90°, 90°, 90=, 

Tho following four hemimorphic classes maj be 
produced by reflection in dihedral mirrors with 
the ux'punded ungles : 

7. Hcxagoual, holohedral (Fig. 237), .... 30°. 

8. Tutrtigoual, holohedral (Fig. 158), .... 45°. 

9. Hexagonal, rliombohedral (Fig. 236), . . . 60°. 
10. Orthorhomhic, holohedral (Fig. 260), ... 90°. 

thi: L'luBa. For iliia purpose tlic projection Is lafil borlzoatally od ttic 
stuud. The principlu will bo better imdoratood by refereoce lo ll« 




ttccompaaylDg figure, wblch represeDts an laometrlc holohedral mir- 
ror In tho position to produce a cube by reflection. 

'Hic toy known as the zoelrope may also be made to do good ser- 
tIco lu showing the gradation uf crystals Into tbt;ir limitlug forms. 
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In other crystal classes witli more than one plane 
of symmetry the most general form has more than 
one plane in each of the sectants formed by its planes 
of symmetry. This is the case, for example, with the 
diploid (Fig. 74) and with the scalenohedron (Fig. 
192). Such forms may be also produced by kaleido- 
scopic reflection, but since two or more surfaces must 
then be introduced into the mirror, intersecting at 
definite angles, the application of the principle to 
practical demonstration becomes much more difficultc 
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CRYSTAL AGGREGATES. 



Kinds of Aggregates. In the preceding chapters we 
have considered only the crystal individual (p. 16) as 
a unit, and entirely independent of its relations to 
other individuals, either of the same or of other kinds. 
Crystals, however, often conform in their groupings to 
certain definite laws which therefore become an integral 
part of crystallography. 

The ideal crystal individual is invariably a poly- 
hedron whose iuterfacial angles are all less than 180°; 
the presence of re-entering angles on a crystalline 
surface therefore indicates the union of two or more 
individual crystals. 

In a crystal aggregate (p. 16) the individuals may 
be all of one kind, or of diflferent kinds. In the first 
instance the molecular arrangement may be completely 
parallel throughout all the individuals, which are then 
only separated from each other by their external 
planes. Such aggregates are called parallel growths. 
In other cases there may be no relation whatever be- 
tween the molecular orientation of two contiguous in- 
dividuals. Groups of crystals formed in this way are 
called irregular aggregates. 

If we conceive of the resultant of all the attractive 
and repellent forces belonging to the crystal molecule 

800 



as reaolved into tliree components not at right iiugles, 
wo can unileifitaud Low the parallelism between tlio 
molecular structures of two iudividual crystals of the 
same substance may be partial. This has been already 
explained in Chapter I (p. 8, Figs. 5, 6, and 7). If all 
three axes of two similar molecules are parallel, the 
orientation is identical, as in parallel growtlis ; if nnue 
of the axes are parallel, the orientation is wholly tliffer- 
ent, as in irregular aggregates ; but if one or two of 
the three axes of one molecule are parallel to the cor- 
reajrouding axes of the other molecule, the orientation 
is neither complete nor wanting, but pai'tial. Such a 
position as that last described may be imagined as 
produced by a revolution of one of a pair of completely 
parallel molecules, through an angle of 180° about 
either of its axes. Two crystal individuals wiiich have 
thin kind of a relative position are said to l>e titnna. 

In case the crystal aggregate is formed of individuals 
of different substances, there may be almost complete 
parallelism of orientation if the different crystals 
possess very nearly the same molecular structure. 
This is the ease with many substances of analogous, 
though not of identical composition, which are called 
isomorphous. Such aggregates are therefore called 
imnnorphnm groioths. In still other cases the crystals 
of one substaueo may, to a certain extent, affect the 
orientation of other crystals with a different molecular 
structure, which are deposited upon them. Such ag- 
gregates are called reg^dar growths, to distinguish them 
from those in which the arraugemeut of the crystal 
indiriduals is entirely irregular. 

The six possible categories of crystal aggregates 
may therefore be classified as follows : 
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I. Homogeneous Aggregates. Individuals of the same 
substance. 

1. Parallelism complete. . . ParaUd Grotvths. 

2. Parallelism partial Timn Crystals. 

3. Parallelism wanting. . Irregtdar Aggregates. 

II. HETEiiOGENEOUS AGGREGATES. Individuals of dif- 
ferent substances. 

4. Parallelism nearly complete. 

Isomorphous Groiuths. 

5. Parallelism partial. . . . Begvlar GrowtJjs. 

6. Parallelism wanting. 

Irregvlar Heterogeneovs Aggregates. 

We shall now consider the essential characters of 
these six groups in succession. 

I. Aggregates of Crystals of the same Substance. 

Parallel Growths. The molecular arrangement must 
be the same along all parallel lines within a crystal 





Fio. 286. Fio. 286. 

individual, but two or more individuals of the same 
substance may grow side by side, in such a position 
that their molecular arrangements are completely 
parallel throughout. Such crystals must be sym- 
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metrical with reference to some plane which is' a plane of 
symmetry for each crystal form. They may, howevei', 
be united in this or in any other plane. This is 
shown in Figs. 285 and 286, which represent two octa- 
hedrons in exactly parallel position, and therefore 
symmetrical with reference to the faces of the cube. 

In the first case, the cubic face is also the one in 
which the two individuals are united; while in the 
second, they are joined in an octahedral face, though 
their positions are still exactly parallel. 

A large number of individuals may be united in this 
way wljere each is represented by only 
an extremely thin lamella (Fig. 287). 
This results in the alternate repetition 
of two planes, meeting at angles which 
are supplements of each other. 

Strictly speaking, we should regard 
each re-enteiiug angle as indicative of , 
a separate individnal, joined to the 
others by parallel growth. If, how- 
ever, the width of the alternating planes 
is extremely small, the separation of i^q. w. 

the different individuals becomes very slight, and the 
effect is of a single crystal whose faces are finely 
striated. In such cases it is customary to speak of 
the alternating planes its producing an ondBatory com- 
Innation of forms on a single individnal. Striations 
caused in this manner are among the moat frequent 
sources of imperfection on crystal planes, as will be 
more fully explained in the succeeding chapter. 

Parallel growths become of importance in connec- 
tion with the manner in which many substances crys- 
tallize. When the rate of increase is rapid, it uot 
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infrequently happens that a number of minute crystals 
group themselves in parallel position to form the 
skeleton of a larger crystal. In such cases the smaller 
forms have been called by Sadebeck avb-individuols, 
A familiar example of this mode of growth is offered 
bj' common salt ; and the same thing may be observed 
in the case of sulphur, copper, gold, fluorspar, quartz 
and a variety of other substances. 

Twin Crystals. (German, ZiaiUinge; French, modes, 
hemitrops.) When two crystals of the same substance, 
or two halves of the same crystal, are not in completely 
parallel position, they may still be joined in such a 
manner that some crystallographic plane, or at least 
some crystallographic direction, is common to both. 
In such cases the two crystals or halves of the same 
crystal are symmetrical with reference to some plane 
which is not a plane of symmetry for the single individv/cds. 
This is the most apparent distinction between parallel 
growths and what are known as crystals in twinning 
position, or tioin crystals. 

Symmetrical aggregates of this kind are, on account 
of their complexity, variety and frequency, of much 
importance in crystallography ; and are therefore de- 
serving of particular description. 

The Twinning Plane and Twinning Axis. The relative 
position of two crystals in twinning position may be 
most readily understood by supposing that one has 
been revolved through 180° about some crystallo- 
graphic direction, which thus remains common to 
both individuals. This direction or line of revolution is 
called the tivinning axis, and it is in most cases normal 
to the plane with reference to which the two individ- 
uals become symmetrical after the revolution. This 
plane is called the twinning plane. 




CJtrSTAl A00RE0ATB8 205 

Suppose, for instance, that we ima^ne au octa- 
hedron cut into two equal parts parallel to an octa- 
hedral plane, and one half re- 
volved 180° about a line normal 
to thia plane. The result will be 
the position shown in Fig. 288, 
where the plane in which the oc- 
tahedron is divided is the twin- 
ning plane, and the line normal 
to it is the twinning axis. 

If, however, the octahedron Fio.'ase. 

were composed of a positive and (spinei,) 

negative tetrahedron in equal development, the two 
halves, after such a revolution, would not be symmet- 
rical with reference to this plane, because a negative 
face would lie over a positive face, and vice versa. 
The two halves wonhl then be symmetrical with refer- 
ence to a face of the icosi tetrahedron, 202, |211!. 
Such instances, where the twinning plane is uot 
normal to the twinning axis, are nut common. 

Any cry stall ographic plane not a plane of symmetry 
may l>e a twinning plane, hut the most frequent twin- 
ning pliuiPM in all systems are those which possess the 
siniph^st indices^. 

Contact Twins and CompOBltion Fac«. Two individual 
crystals in twinning position arenRually,thouglibyuo 
means always, niiited in a plane, which may or may 
not coincide with the twinning plane. Twins of thia 
sort are called confact or juxtaposHton hoins, and the 
plane in which they are in contact is called their oom- 
position /ace. This, like the twinning plane, is gener- 
ally a plane that has very simple indices. 

Figs. 289 and 290 represent twins of two monoclinio 



206 



CB7BTALL0GRAPEY. 



x^y 




miueruls, gypsum and orthoclase, in both of which 
the twinniiig plane is the orthopinacoid. 
In the first tbis is also the compositioD 
face, while in the second the composi- 
tion fuce is at right angles to its twin- 
ning plane, and is itself 
the plane of symmetry, 
which could not there- 
fore be a twinning plane. 
Both twinning plane 
and composition face 
""""■"' are crystallographically 
possible planes, except in the moi 
clinic and triclinic systems. Here they 
may be surfaces which are impossible 
as crystal planes, but tliey are either 
(1) perpendicular to a possible crystal edge, or (2) per- 
pendicular to a possible face and parallel to a possible 
edge. 

Penetration Twins. It happens quite frequently that 
two crystals in twinning position are not joined in a 
single plane, but that there is a com- 
plete interpenetratiou of both indi- 
viduals. This is shown in Fig, 291, 
which represents two twin rhombo- 
hedrons, symmetrical with reference 
to a prism of the first order, but 
without any composition face. There 
is a complete interpenetration of 
their substance, and the space corn- 
very irregularly distributed between 
shown by an examination in polarized 
light. Only those portions of each crystal which pro- 
ject beyond the limits of the other possess a uniform 




(Hemalite,) 

mon to both 
them, as may 
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lolecular structure. Twin crystals of tliis kijiil are 
oftlled penetration tioins. 

SupplemBntary Twins. Partial forma (heniiLedral, 
tetartohedral or Lemimorphic) have lost more or less 
of the Hjmmetry belonging to tbeir corresponding 
holohedrons, and may consequently possess twinning 
planes which are impossible for the latter. These 
jiartial forms frequently form twins with the axes par- 
allel for both individuals, which would, of course, be 
impossible for holohedral crystals. They are called 
nupplemevtary twins (German, ErgdnzungszwiRinge), 
since the union, especially by penetration, of two 
heinihedrons in this manner, tends to restore the lost 
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(TetrohedrllA) 

holohedral symmetry. Fig. 292 shows two tetrahedrons 
with parallel axes, and symmetrically placed with 
reference to the faces of the cube (tetnihedrite and 
diamond). Fig. 293 is another case of a supplementary 
twin, formed from two hemimorphic crystals, placed 
symmetrically to their basal piuacoid (calamine), 

Repeated Twinning. To the second individual of a 
twin, a third may lie placed in twinning position ac- 
cording to the same law as the lirst. This produces 

triUing (German, DnlUiig). Four individuals related 
in this way make a, /ourling (German, VieHivg), etc. 
iSnch a repetition of twinning according to the same 



s^p 
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Liw may take place by either of two methods : (1) the 
twiuniiig plane may remain parallel to itself, bo that the 

^„-~^-\ -r-'T 7^ alternate individuals are 

i/[\^5p^ l^ps^A^i-j/^ in parallel position ; or 
(2) the twinning plane 
may change its direction, 
as when the two symmet- 
rieal faces of a prism suc- 
cessively serve as twin- 
ning planes. Figs. 294 
and 295 illustrate these 
two methods of repeated twinning, where, in both cases, 
the unit prism is tlie twinning plane. The results of 
the first method are called polysytUhetic twins; and of 
the second, qjclic tiinns (Ger- , (,i ^t 

man, jyeTi'fezmUmge), on ac- 
count of their tendency to pro- 
duce circular groups, as in the I 
case of rutile (Fig. 296). Such 
cyclic groups are more or less 
symmetrical, according as the 
angle lietween the successive sets of axes is more or 
less exactly a divisor of 360°, 

Compound Twins. These are produce<l by the presence 
of two or more twinning laws in the same 
\group. An instance of this is shown in 
I ^' Fig. 297, where two ortlioclase twins, like 
/that represented in Fig. 290, are again 
xtwinned parallel to their basal pinacoid, 
, Comi>ound twinning may lead to very com- 
Jplicated relations. Comparatively simple 
' examples of it are found on crystals of the 
minerals marcasite, chalcocite, albite, stau- 
lolite, and" tridymite. 





CRYSTAL AGGBBOATES. 



209 




IKimicry. The general temleucy of twiuuing is to 
increase the grade of symmetry. Three orthorhom- 
bic individuals, the angle between 
vhoBe symmetrical twiuniug planes 
IB ziearly 120°, may interpenetrate 
8o as to form an almost perfectly ' 
Iiesngonal combination. Tliis is 
the case with witherite (BaCO.), 
the angle between whose twinning 

planes, caP/\(X}F, jllOj A [llOj, (Chrysoberjl.) 

I is 118° 30' ; and with cbryaoberyl, the angle between 
whose twinning planes, P* A -''*> SOllj A |Oil|i is 
119° 46' (Fig. 298). This gronp can also be explained 
by assuming the brachydome, 3P4), {031} as twinning 
■plane, whose interfacial angle 3P& A 3?*, j031[ A 
t03lj,i8 59°46'. 
Peeiidosymmetrical crystals (p. 92), that is, such aa 
closely simulate a higher symmetry than they really 
.posaeBs, are enabled by repeated twinning to greatly 
increase their deceptive appearance. In many in- 
stances, their true character can only be determined 
by optical means. This phenomenon has been called 
by Tschermak mimicry (German, Mimesie). Examples 
of it are offered by the pseudo-monoclinic niicrocUne 
and the pseudo-rhombohedral chabazite, which are 
really trielinic ; by the pseudo-tetragonal apophyllite, 
which is monoclinic ; and by the pseudo-isometric 

kleucite, which, at ordinary temjwratnres, is orthorhom- 
bic Harmotome and phillipsite are monoclinic, but 
they possess interfacial angles which allow them, by 
repeated twinning, to closely approach a tetragonal, or 
even an isometric habit This property of mimicry is 
of importance in explaining many of the so-called 
"optical anomalies " exhibited by crystals. 
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Mode of Formation of Twin Crystals. As has been 
already stated in Chapter I, the perfection of crystal- 
lization in a given substance is inversely proportional 
to the rapidity of its solidification. If the molecular 
forces have full time to act, the parallelism of the 
molecules will be complete. In case the hypothesis 
that twin crystals are due to a partial parallelism of the 
molecules is correct, we might expect to produce them 
by artificially retarding the motion of the molecules 
at the time of solidification. This has actually been 
accomplished by O. Lehmann, who found that barium 
chloride and some other salts, which habitually pro- 
duce simple forms on crystallizing from an aqueous 
solution, appeared in twins when such a solution was 
mixed with gum or some other viscous substance which 
retarded molecular movement* 

In the case of contact twins, the hemitropic charac- 
ter appears to date from the first inception of the 
crystal, as is shown by the fact that the most minute 
individuals observable with the microscope are as per- 
fect twins as those of large size. When such a double 
crystal has once been started, its growth is regular in 
both directions away from the composition face. The 
result of this is a general shortening of each individual 
in the line of the twinning axis, and the frequent pro- 
duction of two half-crystals in twinning position. 

Penetration or repeated twins, on the other hand, 
show a constant tendency to the addition of layers in 
hemitropic position with reference to those which pre- 
cede. This may be due to the impurity of solution or 
viscosity of the magma in which crystallization is tak- 
ing place. 

* Molecularphysik, vol. i. p. 415. 
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Mimetic twins maybe produced lu diraorphouaaiili- 
stances by physical conditions iinauited for tlie exist- 
ence of the molecular arrangement with which they 
solidifie<L Tlie new conditions may produce a new 
molecuJar structure, which, by twinning, is made to 
fit into the original crystal form. This is the case 
with boracite, tridymite and leucite. When the origi- 
nal conditions are restored (generally by raifiing the 
temperature) the internal structure again comes into 
accord with tlie external form. 

£zajiiplea of Oommoii Twinning Laws.* It will be 
found advantageous to briedy explain a number of 
figures which represent concrete examples of the com- 
monest modes of twinning in each of the six crystal 
systems. 

In the iBometric system, a large majority of all twins 
are formed according to the law illustrated by Fig. 
288 (j). 205), where the twinning plane is an octahe- 
dral face, and the twinning axis a normal to this. 
Tliis law, commonly called the "spinel law," from its 
frequent occurrence on crystals of the alnminate, 
Bptuel, is capable of producing a great variety of re- 
sults which differ according to the habit of the crys- 
tals which are twinned, as well as according to whether 
contact or peneti'ation twins are formed. Figs. 299, 
300 and 301 show contact twins of the three simplest 
isfimetric holobedrous according to this law; while 
Figs. 302, 303 and 304 represent penetration twins of 
tlie same forms by the same method. Fig. 305 shows 

* For n moro ct)mp1etc illuatrniion i>f tills sulijoct sen Rose-Snde- 
hiTrk's CryBlnlloginphy, vol. ii (1878) ; Kluiii'a nisnerimifni on Crys- 
IaI TwiiiniiJg iiud UlalorlluD (1876) ; Hiiil E, 8. Iliiim-a Ti'M-book ot 
Mineralogy. 
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a peuetratioD twin of two teti-ahedrons, also sjmmet- 




Fia.301. 

(Copper.) 

rical to the octaliedral face ; while another penetra- 
tion twin of the same two forme symmetrical to the 




Fio. aOS. Fib. 306. Tia. 304. 

(Fluorapor.) (Spinel.) (fiodalite.) 

face of the cube (which is no longer a plane of sym- 
metry in these fignres) is shown in Fig. 292 on p. 207. 




A penetration twin of two pentagonal dodecahe- 
drons (known as the iron cross) whose twinning plane 
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18 the rhombic dodecahedron, oo 0, ,110;, is sliowu iu 
Fig. 3G6. 

In the tetragonal system the unit pjTamid of the 
secoud order, /"od, j011|, ia the moat uommou twiu- 
niug plane. Tliis is represented in Fig. 307, aa it 
occura on crystals of zircon (ZrSiO,), bounded by the 
forms to/', JllOf (m); 3i*, j33Ij {u); 2F, \221\ (p); 
and P, JIII5 (0). The same law 
is common on cassiterite (SnO^, 
and on rutile (TiO,). On crys- 
tals of the latter mineral repeated 
twimiing is common. This is 
accomplished in two ways where 
cyclic twinning results. In ooe 
caae, opposite faces of the pyra- (Zjrijon.j 

mid, (Oil) and (Oil), alternately serve as twinning 
planes. This keeps the vertical axes in the same plane, 
and, astliey diverge at angles of 65" 35', six individuals 
approxiraaiely complete the circuit, as shown in Fig, 
296 (p. 208). In other cases, contiguaus faces of the 
same pyramid (Oil) aud (101) alternately aer\'e as twin- 
ning planes. This causes the vertical axes to form a 
zigzag, and eiglit individuals are necessary to com- 





plete 3ar (Fig. 308). Eutile twins of tliia kind from 
{ Graves Mt, Oa., often have thi'ir priHni faces of the 
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secoud (»i(li?r, X P 00, jOlO} (a), extended to intersec- 
tion, which produces a tetragonal scalenohedron, as 
shown in Fig. 309. 

In the tetragonal mineral chalcopyrite (FeCuS,), 





Fio. 310. 
(Caleite.) 



Fio. 311. 
(Caleite.) 



which approaches very closely to an isometric crystal- 
lization (p. 92), the twinning plane is the unit pyramid, 
P, {111|. This corresponds to the spinel law in the 
isometric system (p. 211). The tetragonal but pyram- 





Fio. 818. Fio. 813. 

(Caleite.) (Caleite.) 

idally hemihedral scheelite (CaWO^) forms supple- 
mentary twins, where the twinning plane is the unit 
prism, 00 P, |110|. 

In the hexagonal system holohedral substances 
and consequently holohedral twins are rare. On 
pyrrhotite, magnetic pyrite (Fe^Sg), the unit pyramid, 
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P, Ullj, has been observed as twinning plane ; and 
on tridymite (SiO,), the two pyramids, \P, J 1016) and 
|P, J30S4(. On rhonibohedral crystals twinning is 
very common, particularly so on the beat represent- 
ative of this group, calcite (CaCO,). Here we have as 
twinning plane sometimes the basal pinacoid with the 
vertical axis as twinning axis (Figs. 310 and 311) ; 
sometimes the uegative rhombohe- 
dral face, - Jfl, K\i)in\ (Fig. 312); 
sometimes the positive rhombohe- 
dron, B, a-j1011|, bringing the two 
vertical axes nearly at right angles 
to one another (Fig. 313) ; and 
sometimes the rhomboliedron, — 25, 
/f|022lj (Fig. 314). A penetration 
twin of two rhombohedrons, as some- 
times seen on crystals of ferric oxide, 
hematite, is shown in Fig. 291 (p. 206). 

Tetartohedral hexagonal forms, like those occurring 
on crystals of quartz, produce supplementary twins, 
which tend to restore a higher grade of symmetiy. 
Thus a complete interpenetration of two right-handed 
or of two left-handed individuals, one of which has been 
revolved 180° (or 60°) about 
its vertical axis, reproduces 
a trapezohedral heniihe- 
dral foini (Daupluuc law, 
Fig. 315); while a similar 
interpenetration of a right- 
and a left-handed crystal 
restores a scaleuohedral 
symmetry, with the prism 
of tlic second order, oo P2, 
G (Brazilian hiw. Fig. 316V 





xrjll20} as twinuiug pla 



am 
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CmitHct-twins of t^uai'tz, with the iDdividuals symmet- 
rinil t4. I)oth x P, llOlOj ami R, A-rJlOll} also occur, 
lu tho orthorhombic system the most common twin- 
uiu^ plane is the uuit prism so /*, jllO;, as exemplified 
hy both the poljaynthetic and cyclic 
twins of ariigouite shown in Pigs, 2i)4 
jukI 295 (p. 208). Tabular crystals of 
load carbonate (cerussite) bounded 
by the forms oo-P*. lOlOj (6); oo P, 
!1H>(("0; audP, jlllJ(p)(Fig. 317), 
finni groups in which both ao F, \ llOj 
and « PS, ) 130 j act as twinning planes. 
Orthorhombic iron disulpliide (mar- 
casite) sometimes shows cyclic groups 
of five individuals, bounded by co P, 
jllOj {M); Pdb, jOllj {J), and 0/*, jOOlj, and united 
iuti> a pcutagouiil figure by co P, jllOj {M) as twin- 
ning plane (Fig. 318). The closely related iron sulph- 
ai'seiiide (arsenopyrite), bounded byooP, JllO} {M), 





and iP&, !013j (r), forms penetration twins of two in- 
dividuals, where Px, } 101 j acts as twinning plane 
(Fig. 319). 

The group of chrysoberyl crystals shown in Fig. 
298 (p. 209) are united with 3Pdb, J 031 J as twinning 
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plane. Tlie copper sulphide, chatcocite, forms three 
kiiida of twins symmetrical to m P, 
jllOj, to IP*, |043i, and to JP, 
)112( respectively. The latter is 
ahowQ in Fig. 320. The ortho- 
rhombic silicate, staurolite, which 
is commonly bounded by the 
planes oo P&, jOlOj (o); OP, jOOlj 
(P);ao P, JllOj (M); and P* {lOlf 
{r), formK rectangular crosses with 
|P&, J 032} as twinning plane (Fig. 321), and also 





oblique crosses with f P| |232f acting in the same 
oipjicity (Fig. 322). 

In tlie mouoelinic system any face may serve as 
twiuuiu^ plane except the clinopiuacoid, 
which is the plane of symmetry. Even 
this, howovor, is not iufretjueutly a com- 
piiHitiou face tor contact twins, as iu the 
case* -.f orthoclase {Fig. 290, p. 206). 
The most common twinning plane is tlie 
ortho]iiuacoid co Poo, ilOO(, as may be 
seen iu the case of gypsum (Pig. 289, p. 
206) ami malachite (Fig. 323)^ The same oiBiuchiif.) 
law is also exemplitied in augite, hornblende, feld- 
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spar, and epidofce. A twin of the latter mineral 
with the forms OP, )001j (JK) 
ooPob,; 100 1(70; P*. jl01j(r) 
00 Px } 010 1 (-P); -i- P, j ill j (n) 
xP% 1210| (m); and i Poo, 
i012{ {k), ia shown in Fig. 324. 
The moDoclinic feldspar, ortho- 
clase, exhibits a number of dif- 
lE^d^ii ferent twinning laws. In addi- 

tion to the one explained on p. 206 (Carlsbad law), 
the twinning plane is sometimes the basal pinacoid 





(Orthoclase.) (Ortlioclase.) 

(Mannebacher law) ; and sometimes a clinodome whose 
symbol ia 2Pqo, j021} (Baveno law). Contact twins 
formed according to these two laws 
are shown in Figs. 325 and 326. The 
silicate, augite, sometimes has 
twinning plane the clinopyramid 
P% 1 122 i (Fig. 327). The monoclinic 
mica differs but slightly from a hex- 
agonal mineral in its symmetry and 
angles. Its twinning axis is often a 
line in the basal pinacoid, normal to 
the combination edge OP, j001[ : ooP, 
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twinning plane is therefore a crystallographically im- 
possible face, normal to the 
basal pinacoid ; while the com- 
position face is generally the , 
basal plane (Fig. 328). 

In the triclinic system any 
face may act as twinning plane, 
or may be, and frequently is 
one which, on account of its irrational indices, is not 
possible as a crystal plane. On crystals of the soda 





feldspar, albite, we find the brachypinacoid as twin- 
ning plane (Fig. 329), and also the brachydome, 



W^^ 




,2P&' }021t (Fig. 33C). The analogue of the Manne- 
bacher law occurs on the triclinic feldspars when the 
twiuuing axis is the macrodiagonnl, and the twinuiug 
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plane normal to this, and therefore no possible crystal 
plane (^Pericline law, Fig. 331). To avoid the re-en- 
trant angles produced by this law when the basal 
pinacoid is the composition face, the two individuals 
are generally united in that particular rhombic section 
(German, rhombischer Schnitt) which is common to 
both (Fig. 332). The exact position of this section, of 
course, depends on the relative inclinations of the 
axes. A variety of twinning laws, where the twinning 
planes are not crystallographically possible faces, have 
also been observed on the triclinic orthosilicate of 
alumina, Al,SiO^ (cyanite, disthene). 

Irregular Homogeneous Aggregates of Crystals. When 
crystiillization begins simultaneously at many separa- 
ted points in a saturated solution or cooling magma, 
individual crystals are formed whose molecular struc- 
tures are entirely independent in their orientation, 
although they may be identical in their nature. If 
such crystals continue to grow until they come in con- 
tact, a wholly irregular aggregate is the result (Figs. 
21 and 22, p. 17). Such aggregates are classified ac- 
cording to the extent to which their crystals are indi- 
vidually developed (crystal and crystalline aggre- 
gates) ; according to their texture (porous or compact) ; 
and according to the size of their grain (coarse or fine). 

Other crystalline aggregates are not entirely irreg- 
ular in the arrangement of their component individ- 
uals. Certain acicular crystals have a tendency to 
arrange themselves radially about a point, so as to 
form spherulitic groups (wavellite, stilbite), while 
others have a similar radial arrangement about a line 
(aragonite, " flos ferii "). Many fibrous crystals group 
themselves with their long axes nearly parallel (gyp- 
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sum, cliryfiotile, asbeatos). Tabular or scaly crystals 
form lamellar or foliated aggregates (woUastonite, 
bnicite, gypsum, mica). 

These types of aggregates produce an almost end- 
less number of varieties and compound forms, whoso 
special description must be sought in a larger work. 

In still other cases there is a near approach to par- 
allelism in the individual crystal forming the group. 
Examples of this may be found in the so-called "iron- 
rose " (hematite) of Switzerland ; in stilbite, and in the 
twisted quartz crystals from Switzerland. 

IL AOGBEQATES OF CBTSTALB OF ElFFEBEKT SUBBTAKCEa 

Iiomorphoui Growths. It was long ago observed by 
Mitschorlich that substances of analogous chemical 
composition were apt to possess very similar crystal 
forms. Such substances he called isomorphotis. The 
shape, size aud mode of arrangement of their physical 
molecules must be nearly alike, since the test of iso- 
morphism is the ability of molecules of two or more 
substances to enter indiscriminately into the formation 
of a single ciystal ; or at least the ability of a crystal 
of one substance to continue its growth in a saturated 
solution of another. If we suBpeud a crystal of chm- 
mium alum in a solutiou of pot ::.ih alum, it will soon 
be coated with a transparent layer of the latter salt, 
which perfectly preserves the form of the original 
crj'stal. This may be again covered with a similar 
layer of chromium alum, and so on to any number of 
successive zones whose physical molecules are all in 
parallel orientation. The same thing takes place when 
a crystitl of cidcinm carbonate is hung iu a solution 
of ttodium uitratts. Such concentric zones of differ- 
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i-iit snlistjiiiccs with oomiilptely parailel mnleculnf 
Ktruvtures uro of frequent occurrence iu nature, bat 
they are only to be found 
among isomorphous eom- 
pountlH, like the garnets, 
tourmalines, micas, pyros- 
eups, feldspars, etc A 
striking example is the 
parallel growth betweeu crystals of the iMomorphous 
xciintiini' (VI'<).))intl malacou (ZrSiO,4- aq)- Another 
is tlii! growth of a zone of epidote around the iso- 
moi'jihoiiH silii'iiti', allanite (Fig. 333). 

Regular Orowths of Different Btinerala. It is worthv 
of note that ii certain regularity of arrangement exists 
betweon the crystals of substances which are alto- 
gether unlike iu chemical composition. For instance, 
the tricliuic cyanite and the orthorliombic staurolite 
gri)w together so that their crystals have one face and 
oue axis iu common. The tetragonal rutile (TiO,) 
grows ujiou the rliombohedral titanic iron (FeTiO,), so 
that its prism of the second order, oo Poo (100), coin- 
cides with the basal piiiaeoid of 
the latter mineral, while its ver- 
tical axis lias the direction of oue 
of the intermediate lateral axes f 
of the iron ore (Fig. 334). Sim- 
ilar examples of partial orienta- 
tion are to be found between 
quartz and caleite ; between chal- ^°- ^' 

copyrite and tetrahedrite ; and between magnoferrite 
and hematite. 

They also exist between dimorphous modilioationa 
of the same substance, aa marcasite and pyrite, caleite 
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ind aragOQite, pyroxene and hornblende, oto., where 
they liave originated, in some cases at least, by tlie 
partial alteration of one niodificatiou into the other. 

In other cases, the crystals an related have analo- 
gous compositions and ciyatallize in different systems, 
but with very similar forms, as orthoclaae and albite, 
ortho rhombic and monoclinic pyroxene, etc. 

A partial parallelism in orientation is also frequent 
between the inclusions in many crystals and their 
host, as for instance, rutile in mica, augite in leucite, 
hematite in feldspar, coaly matter in andalusite (chi- 
astolite), etc. This subject becomes of considerable 
importance in microscopical mineralogy and petrog- 
raphj-,* 

Irregular Heterogeneous Growths of Crystals. This is 
tbe most general form ofgronpingpossiMe. It is purely 
accidental and obej-s no rules, although a thorough 
understanding of it implies a knowledge of the laws of 
association and paragenesis, which ai'e of great im- 
portance in the mineral world. The study of hetero- 
geneous crystal aggregates belongs, however, rather 
to the domain of peti'ography than to that of miuei- 
alogy or crystallography. 



For full dcscilplioD mid list of regular growths of minenLle 
of iliSercnt species, both isomorplifliia tuid olhcisrlai;, see Sodebeck: 
AngewnndteKrysisHogrHpliie, pp.244-24B; &DdO. LelimanD: Mole- 
cukrphysik. vol. i. pfi, 293-407. Thu iMterwork dies n 
iuslanceE (ro.n artiticUl salts. 



CHAPTEE XI. 

IMPERFECTIONS OF CRYSTALS. 

Sonrces of Imperfection. We have thus far considered 
crystals in their ideal development ; that is, as sym- 
metrical polyhedrons, bounded by mathematically 
plane surfaces intersecting at fixed angles. If the 
molecular forces of a single substance at the time of 
its solidification were entirely free to act, without hin- 
drance of any kind ; and if the crystal growth could 
proceed with great slowness and perfect regularity in 
all directions, such ideal crystal forms would un- 
doubtedly result. So sensitive, however, are these 
forces to obstacles of many kinds that it is only in rare 
cases, either in nature or the laboratory, that they 
succeed in accomplishing the most perfect result of 
which they are capable. 

An acquaintance with the theoretical crystal form 
and surface may be obtained from figures and models 
constructed so as to show them in their ideal perfec- 
tion. Natural crystals, however, rarely attain such 
perfection of development, and a knowledge of some 
of the causes which render them more or less incom- 
plete is necessary for their thorough understanding. 

Crystals may fall short of perfection by — 

1. Distortion of form. 

2. Irregularity of planes or angles. 

3. Internal impurity. 

2!»4 
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Distortion of Crystal Form. The most common source 
of this is unequal rapidity of crystal growth in different 
directions. This may result in a disguising of the 
real form, as has been already described and illustrated 
in Chapter I. When carried to excess, certain planes 
of a form are altogether crowded out (merohedrism, 
p. 39), which often produces close imitations of shapes 
characteristic of other systems.* Instances of such 
distortion are particularly frequent in the isometric 
system, where elongation in the direction of a principal 
axis produces a tetragonal; in the direction of a 
trigonal axis (p. 47), a rhombohedral ; and in the 
direction of a digonal axis, an orthorhombic appear- 
ance. This may be seen from the three following 
figures of the rhombic dodecahedron distorted in these 
three directions (Figs. 335, 336 and 337). Fig. 338 
gives the result of an elorgation of the icositetrahedron. 
202, 1 211 1 in the direction of the trigonal axis. 





Fio. 836. 



Fio. 886. 



Fio 887. 



FiQ. 338. 



When accompanied by merohedrism, w hich generally 
obeys some definite law, surprising results are some- 
times produced by the distortion of isometric forms. 

* This pbeuomeuon has been called pseudosymmelry by Sadebeck, 
who used the terra in a sense very different from that in which it 
is employed by Tschermak (see p. 92). In the former usage the 
imitation is always of a lower, while in the latter it is of a higher 
grade of symmetry. 
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The octahedron, bj the crowding out of two of its op- 
posite faces, may become a rhombohedron (Fig. 339). 
Certain crjataU of green fluorspar from Saxony, show- 
ing the form co 03, } 310 \ , have one half of their planes 
developed at the expense of the other half, so as to 
produce a hexagonal scalenohedron {Pig. 340). The 
icoaitetrahedron is peculiarly liable to such distortion. 




Gold crystals of the form 303, j311j, sometimes re- 
Bemble combinations of rhombohedron and scaleno- 




Flo. 8«. FiQ. 844. 

(Fyrito.) (Potassium chloride.) 

hedron (Fig. 341). The same form on ammonium 
chloride may have only six of its twenty-four planes 
developed, and in this way give rise to a form resem- 
bling a tetragonal trapezobedron (Fig. 342). 

It has been observed that the pentagonal dodecahe- 
fco 021 
dron, I — ^ . ^ ! 201 j , on pyrite may have but six of 

its twelve planes developed in such a manner as to pro- 
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duce an apparent rhomboliedron (Fig. 343) ;* and the 
icositetrahedroii, i04, S411J, on potassinm cliloride 
Bometimes produces a similar result by the survival 
of only one fourth of its planes. In fact, two such 
rhombohedroua, in apparent twinning position, ina^- 
be derived from tlie planes of the same icositetrahedron 
(Fig. 344).t 

Fig. 345 represents a crystal of iron pyrites showing 
representatives of all the forms of the isometric system 
except the rhombic dodecahedron : 
00 Ox |100i (P); 0, \\n\ {d); 

nl2U\ (s); 202, J211J (o); and 
30, {133] (l). It is shortened in 
the direction of one of the princi- 
pal ases, which, together with the 
fact that only two of tlie three iP)ti«m 

faces belonging to the forma s, o and t are developed in 
eachoctant, gives toit a decidedly ovthorhorabic habit. 

It lias recently been shown to be not improbable 
that the mineral acanthite, long recognized as the 
orthorhombic form of silver sulphide, is only a distor- 
tion of the more common isometric form of the same 
substance argentite. 

While a distortion of the perfectly symmetrical 
crystal form by ehmgation or flattening is often with- 
out any apparent cause, the same result is, in many 
other cases, produced by evident hindrances to growth 
in certain directions. For instance, such minerals as 

• Ni'ues Jabrbuch ffir Mincralogie, clc. 1889, n. p. 360. 
t A. Kniip : Molccularcoostllutlon uu<l W&cLalbuui dtir Krystalle 
(1887, p. 30). 
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garnet, tourmaline or quartz diverge from their usual 
habit and crystallize in the thinnest possible plates 
when they are formed in mica, whose perfect cleavage 
allows of their development most readily along one 

plane. 

Other imperfections of crj'stal form are due to the 
action of external mechanical forces, which cause 
bending or breaking. Ductile substances, like the 
metals, or soft substances, like gypsum or stibnite, are 
peculiarly liable to the first of these distortions ; 
although such brittle minerals as apatite or quartz, 
when imbedded in ciystalline limestone, are frequently 
found to be bent without breaking. In many other 
cases the crystal is broken and its Amgrnents more or 
less displaced by movements in its matrix. Crystals 
imbedded in granite veins, like tourmaline or beryl, 
frequently exhibit this phenomenon. 

The most common imperfections in crystal form are 
due to the manner of their attachment to the surface 
on which they rest. One end of an individual is usu- 
ally prevented in this way from assuming its charac- 
teristic planes. Crystals that are bounded on all sides 
by their own faces are of comparatively rare occurrence. 

Imperfections of Crystal Planes. Theoretically even, 
perfectly reflecting crystal planes are almost as much 
the exception as the ideally developed crystal forms. 
Irregularities may be produced on crystal planes by 
(1) striation, (2) curvature, (3) uneven growth, (4) cor- 
rosion. 

(1) Striation, A parallel striation of a crystal face may- 
be produced by the union of many individuals in either 
parallel or reversed position. The first produces 
whjit was described in the last chapter (p. 203) as an 
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oscillatory combination of two coDtiRuone planes, wliich 

are alternately developed. The linrizontal striatiou, 

BO common on the prismatic faces of quartz crystale,- 

is due to the alternate development of the priam and 

a st«ep rhombohedron. Striatiou 

of this bind must always accord 

with the symmetry of the crystal, 

and often shows the liemihedral 

nature of a crystal upon which 

Qf) real hemihedral face appears. 

(Juljes of iron pyrites frequently 

show a atriatinn of their planes 'i-yriU°i 

in one direction, which is perpendicular to the striatiou 

on all contiguous fauesiowing to oscillatory combination 

with the pentagonal dodecahedron (Fig. 346). This 

would not be possible iu a hnlohedral cube. 

Striatiou of crystal plaues may also be produced by 
repeated polysynthotic twiuning (p. 208). This is well 
illustrated in the case of the tnclinie 
feldspar, nlbite (Fig. 347). The twin- 
ning plane is here the bracliypinacoid, 
and the contact of a large number of 
fine lamella, alternately iu twinning 
position, would evidently produce a 
striatiou on the basal plane parallel to 
the brae by diagonal axis. 8triations 
due to this cause are common on crys- 
tals of pyroxene, calcite, aphene, aragonite, and many 
other minerals. The direction of the striation of course 
depends iu each case on what face acts as twinning 
plane. In some instances two or more sets of paral- 
lel lamellte are intercalated parallel to different crystal 
faces which may or may not belong to the same form ; 
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that is, they may be produced by the same, or by dif- 
ferent twiuning laws. 

(2) Curvature of Crystal Planes. This is quite a con- 
staut property of some substances. It may be due to a 
very fine oscilhitory combination or to an irregularity 
of growth and a want of perfect parallelism between 
sub-individuals. A common instance is the diamond, 
whose faces except those of the octahedron, are almost 
always curved (Fig. 348). Crystals of calcite and gyp- 
sum are often curved (Fig. 349), while rhombohedrons 
of magnesian calcium carbonate (dolomite) are some- 
times distorted into saddle-like forms (Fig. 350). The 






Fio. 348. Fio. 849. Fio. 850. 

(Diamond.) (Gypsum.) (Dolomite.) 

twisted quartz crystals of Switzerland are also instances 

of this kind. 

(3) Irregvlarities of growth often produce uneven- 

ness of crystal planes. Many faces break up, especially 

near their combination-edges, into other planes having 

very nearly, but not quite, their own 
position. These are called vicinal 
planes (p. 26). Sometimes these vici- 
nal planes are developed in the form 
of very flat pyramidal protuberances 
with more or less curved edges and 
faces. These are very common on 
the rhombohedral faces of quartz (Fig. 
351), but occur to a greater or less 

extent on the crystals of most other substances. 




Fio. 851. 
(Quartz.) 



Wt 
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i due to incomplete 




other cases, uneven plant 
I will. Many cryatals whose 
{^owtli is rapid tend to form 
skeletons, by arranging sub-indi- 
viduals along the axes uiid edges, 
itud sometimes these skeletons do 
not become entirely filled up. A 
common instance of this is seen in 
the hopper-shaped faces of salt (Qaieno.) 

(NaCI) crystals, and in the artificial crystals of lead 
sulphide (Fig. 352). 

A drusj appearance of crystal planes is produced by 
the projection of sub-individuals above the average 
surface, as is often seen in the case of fluorspar. 

(4) Corrosion subsequent to the formation of crystals 
may produce irregularities of their surfaces. If this 
action is extreme, the faces usually succumb beftire the 
edges and angles, so that skeleton forms, closely re- 
Bembling growth forms, may result. If the solvent 
action is less, natural etched figures are produced, 
which well display the crystals' true symmetry. 

A roundiug-off of edges 
and angles and the produc- 
tion of a "glazed" appear- 
ance, aa though there had 
Iwen a partial fusion, is very 
common on all crystals 
which occur in crystalline 
limestone, as, for instance, 
quartz, calcite, pyrite, galena, 
apatite, chondrodite, feld- 
spar, pyroxene, hornblende, 
zircon, sphene, and spinel 



^ 



maline, acapolite, 
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This is doubtless the result of some chemical action, 
although it has never been satisfactorily explained. 
In some cases, the quartz crystals of Herkimer Co., 
N. Y., have their edges so worn that only minute 
rounded areas of their crystal planes remain ; and the 
preceding figure (353) shows a similar development 
of an oli\ine crystal observed by Bose, where the 
planes of a single zone are developed as circular 
surfaces. 

All imperfections of crystal surfaces express the 
symmetry of the form. On combinations, some faces 
are dull, while others are bright ; some are striated, 
while others are smooth ; some are uneven, while 
others are even ; but oR crystcdlographicaUy equivalent 
planes are similarhj affected. 

False Planes. Apparent crystal faces, whose position 
is not that of true crystal planes, may be produced by 
oscillatory combination, as in the case of tapering 
quartz crystals ; or by contact, during crystal growth, 
with some smooth surface, as in the case of the so- 
called " Babel quartz." 

Variation in Crystal Angles. Most distortions of form 
do not at all affect the interfacial angles. But even 
these are in some cases observed to vary, though gen- 
erally only within narrow limits. Such differences in 
angles exhibited by crystals of the same substance are 
to be accounted for (1) by slight differences in chemi- 
cal composition ; (2) by variations of temperature ; 
(3) by mechanical action, either during or subsequent 
to the crystal's formation ; (4) by change of molecular 
arrangement through paramorphism or pseudomorph- 
ism. Some species appear to be much more sensitive 
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to tbeae ageutiieH tliaii others, and therefore more fre- 
quently exhibit variations in their interfacial anglea. 

Internal Impurities of Crystals. These may consist of 
(1) iutermoleeular substiiuiie in the form of a dilute 
pigment ; (2) gas inclusions ; (3) fluid inclusions ; (4) 
glass inclusions ; (5) inclusions of unindivi dualized 
matter ; (6) crystals of other substances. Such inclu- 
sions may also be (1) regularly or (2) irregularly ar- 
ranged ; and (1) of primary or (2) of secondary origin. 

(1) Dilute pigment. Many crystals are variously 
colored by minute quantities of matter scattered 
molecularly through them. The nature of this pig- 
ment is generally indeterminable. Remarkable ex- 
amples are presented by crystals of corundum and 
tourmaKne. The color may often be affected by tem- 
perature. The yellow Brazilian topaz may be made 
permanently pink by heating ; while the green micro- 
cline (Amazon stone) and the smoky quartz (cairn- 
gorm) may be decolorized by the same means, 

(2) Gas indtisioTts. These are common in crystals of 
both aqueous and igneous origin. Eose found in 
crystals of rock-salt inclusions of marsh-gas and hy- 
drogen. The gas imprisoned in the rock-salt of 
Wieliczka expands violently on heating [Kntstersah), 
Carbon dioxide occurs in the quartz of many granites 
aud other eruptive rocks ; while traces of hydrocar- 
bons, snljihur dioxide, oxygen, and nitrogen have also 
been noticed. 

(3) Fluid cavities occur in crystals of topaz, corun- 
dum, beryl, diamond, and especially in quartz. The 
shape of the cavity is generally irregular, but in some 
cases it is tlie same as that of the host (negative crys- 
tal). The fluid is most commonly water or an aqueous 
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solution ; sometimes it is liquid carbon dioxide. A 
bubble of air or of some gas is generally present which 
is frequently movable. Small crystals also float in 
some of the liquids, whose size increases and dimin- 
ishes with changes of temperature. Crystals which 
grow rapidly from aqueous solutions very frequently 
imprison portions of their mother-liquor. 

(4) Glass inclusions occur in crystals formed from 
a molten mass. They are inclusions of the mother- 
liquor which have solidified in an amorphous state. 
They also often contain one or more bubbles, sur- 
rounded by wide black rims, and of course immovable. 
The presence of more than one bubble in one cavity 
is indicative of a glass incision. 

(5) Indiisions of unindividvalized matter are for the 
most part quite irregular, like clay in rock-salt, gyp- 
sum and quartz ; bituminous substances in andalusite 
and quartz ; iron hydroxide in mica and gypsum.* 

(6) Minute crystals of various kinds are often in- 
cluded in larger indi^dduals. These may impart a 
peculiar color or lustre to the latter, as in the case of 
the hematite plates in camallite and oligoclase (sun- 
stone). The microscope has done much to extend our 
knowledge of such associations, which are very mani- 
fold. The iridescence of minerals like labradorite, 
hypersthene and bronzite is due to minute inclusions 
of other minerals arranged in certain crystallographic 
planes. These are regarded by Professor Judd as of 
secondary origin, occupying cavities produced in 
planes of easiest solution by percolating waters at con- 



* Sec Blum, Leonbard, Seyffert, and S5cbtiDg: Die £inschlt]b38e 
von Mineralien. Haarlem, 1854. 
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siderable depths. Professor Judd has termed this 
process scMUerization. 

In other cases quite similar results are produced by 
original inclusions, as in the case of the sanidine of 
some of the recent rhjolites, and the zonally arranged 
microlites of hauyne and many of the Mt. Somma 
minerals. 

In still other cases, minute mineral impurities may 
be developed by the incipient alteration of their host. 
By this means many crystals of feldspar contain flakes 
of muscovite or kaolin, as well as needles of zeolites, 
scapolite, or zoisite. This subject is very extensive, 
and leads directly into the field of pseudomorphism, 
metamorphism and chemical geology, which Ue with- 
out the scope of the present work. 
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ON ZONES, PROJECTION AND THE CONSTRUCTION OP 

CRYSTAL FIGURES. 

It is impossible to include within the limited space 
of the present work the explanations and formulsB 
necessary for the mathematical calculation of crjstal- 
lographic constants and symbols from observed inter- 
facial angles. The simple zonal relations existing 
between crystal planes and their graphic representa- 
tion by means of projections are, however, easily com- 
prehended and are therefore useful, even to the begin- 
ner. While these subjects are not absolutely essential 
to the understanding of what has been given in the 
body of this book, they may nevertheless be employed 
with advantage in connection with the study of each 
system. Their consideration is therefore embodied in 
an appendix which may be employed as desired. 

Zones. 

DeflnitioiL A study of the relation existing between 

the planes occurring on crystals is much facilitated by 

the fact that they are frequently arranged in belts, 

which extend around the crystal in different direc- 

tions. Such belts of planes are technically called 

2^1 
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zones. All planes belonging to the same zone are said 
to be tatdozonal. The intersection-edges of all tauto- 
zonal planes are parallel to each other ; and, like the 
planes themselves, are also parallel to an imaginary 
line passing through the centre of the crystal, called 
the zoTud axis. The positions or symbols of any two 
planes belonging to a zone are sufficient to determine 
the direction of its zonal axis. The symbol of any 
crystal plane is known if it be found to lie at the 
same time in two zones the directions of whose zonal 
axes are known. 

The real nature of a zone may be made clearer by 
an example. In Fig. 354 the planes c?, 6, gr, c, are tau- 

tozonal ; likewise the planes d, /, h • 
e, 6,/, o ; iy /, g ; etc. Here we have 
several distinct zones existing on the 
same crystal ; while the plane b be- 
longs equally to the two zones dh g c 
and e hf a. 
In Fig. 355 the planes ocuo' form a 
zone ; and it is equally evident that the planes add' 
also form one, in spite of the fact 
that d and d' do not actually in- 
tersect. If these two planes 
were extended until they did in- 
tersect, their edge would be par- 
allel to that between a and d. 

The practical determination of 
what planes belong to the same zone is accomplished, 
so far as possible, by the parallelism of their inter- 
secting edges. In cases where there is any doubt as 
to the exact parallelism, or where the planes in ques- 
tion do not intersect, recourse is had to the reflecting 




Fig. 864. 




Fig. 855. 
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goniometer (p. 22). It will be readily understood 
tbat if a zoual axis be made coiucident with the asis 
of levolutioii of such an instrument, then each face of 
the zone must in turn yield a reflection as the crystal 
is revolved through 360°. Tliis ie the most common 
and ready method of identifying the planes which 
compose a crystal zone. 

General ZxpreBsion for the Indices of a Zone. The es- 
sential feature of any zone is the direction of its inter- 
section-edges, or of its zonal axis. The indices of this 
direction may be obtained from the indices of any two 
planes lying in the zone, and they are called the indices 
of the zone. 

It is capable of geometrical demonstration that, if 
the indices of any two planes belonging to a zone be 
indicated by the letters hkl and h'k'V, then the indices 
of their zonal axis, which are usually designated by 
the letters m, v, mj, are equal to 

hijd' - k'V)a, {Ih' ~ l'h)b, and {kk' - h'k)c* 
The zonal indices may be derived from the indices 
any two planes in the zone by the following easily 
remembered process : The indices of the first plane 
are written twice in their usual order, and tlioae of the 
second plane are placed directly under them in the sarnie 
order. The iirst and last terras are then cut off. The 
product of the first upper and second lower indices has 
then subtracted from it the product of the second 

" The complete proof of this, which la very simple, la loo long to 
l>e giveii lii<re. It will liefoiiml in Groth'a Physikaliache Kryslallo- 
^rnptilc, 2il ed., p. 200 (IttttS), and io Bauermau's Byetemalic Mlucr- 
nl<^, p. « (1884). 
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upper and first lower indices. This gives u. 
are similarly obtained, thus : 



V and w 
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h' 


V 




V 




h' 
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V 



It is very necessary, when using this formula, to pay 
particular attention to the signs. 

We may illustrate this by the following concrete 
example : Suppose the indices of two planes are Oil 
and 2il, then the indices of their intersection or zonal 
axis will be 022. These are obtained as follows : 
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1 



(i X 1) - (1 X i) = - 1 - (- 1) = = t« ; 
(lX2)-(0xl) = -2- =2 = v; 
(Oxl)-(lx2)= 0- 2 =2 = ti;. 

The cHgebraic sum, remainder, and product must in 
every case be used, or an erroneous result will be 
obtained. 

Zone Control. The indices of any plane which be- 
longs to a zone whose zonal indices are known, must, 
when multiplied with the latter, give an algebraic sum 
equal to zero. If p, g, r, are the indices of the plane 
in question, then 

%ip -\- vq -\- wr =. 0.* 

* The proof of this equstion is again too long to be quoted here. 
It will be found in Groth's Physikalische Erystallographie, 2d ed„ 
p. 204 (1885). 
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Tliis is called the zoned equation, and is used as a con- 
trol ia deciding whether a plane belongs to a given 
zone or not. We may apply it to teat the result of 
our last example. If the planes Oil and 211 really 
heloug to the zone whose indices are 022, then 

(OxO) + (5xi) + (2xl) = 
and 

(Ox2)4-(3xl) + {2xl) = 0. 

The zonal equation may also be sometimes used to 
determine the symljol of a plane which truncates an 
edge between two known planes and therefore lies in 
a zone with tlieni. Tor example, the edges of the 
rhombic dodecahedron, x 0, are tniucatedby the faces 
of a form mOni (Plate 11, Fig. 18) ; what is the value 
of m? The edge between the planes whose indices 
are 101 and Oil is replaced by a face whose intercepts 
are ma : ma : a, and whose indices are consequently 
1, 1, m. The indices of the zonal axis of the two known 
planes are found, as explained in the last paragraph, 

■io be ill; hence 

I 1 + i + (1 X "0 = ; and m^% 

The Integfrity of Zones. From the last section it will 
be seen that the existence of zones is wholly depend- 
ent on the indices o£ the planes which compose them, 
and quite independent of the relative lengths of the 
axes to which these are referred. These latter values 
are found to vary slightly witli the temperature, since 
the expansion of a crystal by heat is unequal in dif- 
ferent directions. The indices, however, retain their 
ratioual values for all temperatures, and therefore no 
lange of external couditious can affect the so-called 
igrUy of the zoiies. 
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Determination of the Indices of an Unknown Plane be- 
long^ing to Two Known Zonea Any plane which is 
parallel to two different and known directions has its 
position thereby determined. A crystal plane which 
lies simultaneously in two zones must be parallel to 
the zonal axes of both. If the indices of two zones 
are % Vy w^ and u\ v\ v/^ and the indices of a plane 
belonging to both, p^ q, r, then 

«p 4" ^y + tor = 
and 

u'p -f- v'q -f- v/r = 0. 

From these two zone-control equations we obtain 

IT • uv' — Vlv 

and 



q =^r. 



uv' — u'v 



/^. • 



Inasmuch as it is possible to make one of the indices 
equal to any number without destroying their relative 
values, we may make r = uv' — v!v and thus obtain 

p = vw* — v'vo ; 
q = vm' — u/u ; 
r = uv' — u'v. 

These are the values of the indices of the plane ex- 
pressed in terms of the zonal indices. 

The indices of an unknown plane, found to lie simul- 
taneously in two known zones, may therefore be found 
by combining the zonal indices according to the same 
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method as was above given for finding the zonal in- 
dices from the indices of two known planes. Thus : 



u 


V W U V 

XXX 


w 


v! 


v' k/ v! v' 


vf 



vv/ — v'w = p ; vm' — v/u = q ; uv^ — u'v = r. 

Example, Suppose, on a certain crystal, an unknown 
plane is found to lie in one zone with two other planes 
whose indices are 110 and 101 ; and at the same time 
to belong to a second zone two of whose planes have 
the symbols 111 and 100. What are the indices of 
the plane in question ? 
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(1-0) (0-1) (0-1) 

(111), indices of 1st zone. 



(0_-0)(l-0)(0-l) 
(Oil), indices of 2d zone. 
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XXX 
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(1-1) (0-1) (1-0) 
(211), indices of plane required. 

Pbojectiok. 

Definition. The zonal relations of crystal planes 
are advantageously represented by graphic methods. 
Two such methods are at present extensively employed, 
both of them being systems of projection proposed by 
Neumann in 1823. 

The first is called spherical projection, and represents 
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the position of each plane on the upper half of a crys- 
tal by the point of intersection of a normal to the 
plane with the surface of a sphere at whose centre the 
crystal is supposed to be. The hemisphere thus ob- 
tained is then projected on a plane passed through its 
equator, while the eye is imagined at the opposite ex- 
tremity of its polar diameter. 

The second method is called the linear projection. It 
represents each crystal face by its line of intersection 
with an imaginary plane, called the plane of projection. 
While neither so elegant nor so useful for purposes of 
calculation as the first method, this projection possesses 
certain peculiar advantages for beginners, and is the 
basis upon which crystal drawings are constructed. 
For these reasons it will be first considered.* 

Construction of Linear Projections. If we imagine all 
the faces of a cr} stal to be shifted without changing 
their direction, until they cut the vertical axis at unit 
distance from the centre, then their linear projection 
is formed by the lines of their intersections with an 
imaginary plane (plane of projection) which passes 
through the lateral axes. Any plane may be made the 
plane of projection, but the one here mentioned is 
generally selected for this purpose. The lines of inter- 
section between the crystal faces and the plane of pro- 
jection are called the section-lines of the planes. Every 
section-line stands for a pair of planes on all holohe- 
dral and parallel-face hemihedral forms ; but projec- 



* Those desiring full information regarding the construction and 
use of spherical projections will find it in the works of Miller, 
Rcusch. Liebisch, Groth, and Henrich, cited at the beginning of this 
book. The works of Quendstedt, Klein, and Websky contain similar 
details in reference to linear projections. 
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tions of iuelined-face forma do not differ from those of 
tiie corresponding holohedrons, because tiie section- 
lines here stand only for single faces. 

The construction may be advantageously illustrated 
by a few simple examples. 





Fia. Bsa. PlQ. 3ST. 

The Octahedron. The planes of tins form already 
cut the vertical axis at unity, and hence require no 
shifting. The intersection of the four upper planes 
with the horizontal axial plane would evidently give 
the projection in Fig. 357. 

The Cvbe. The upper surface of the cube evidently 
cannot appear in the projection since it cuts the ver- 
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tical axis at unity, but intersects the plane of projec- 
tion only at infinity (i.e. is parallel to it). The other 
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planes, in order to be made to cut the vertical axis at 
unity, must be shifted until they include it through- 
out. Each plane will then coincide with its parallel 
plane, and the two pairs will intersect the plane of 
projection in a rectangular cross. Fig. 359. 

The most simple rule for constructing a linear pro- 
jection is to lay off on paper (the plane of projection) 
the two (or three) lateral axes which lie in this plane. 
Then reduce the Weiss symbol for each plane in the 
upper half of the crystal to a form in whicli its vertical 
axis is equal to unity. [This is, of course, accom- 
plished by dividing each term of the symbol by the 
parameter of the vertical axis.] When the symbols 
have all been reduced to this form, the section-line 
for any plane may be obtained by merely connecting 
those points on the lateral axes, whose positions are 
indicated by the relative values of the new lateral 
parameters. 

Examples, The form shown in Fig. 360 is the iso- 
metric icositetrahedron (p. 55), composed of three 
planes in each octant whose symbols, according to 
Weiss's notation, are : 

2a :2a \ a 

2a : a : 2a 

a : 2a : 2a 

These symbols, when reduced to a form in which 
c = 1, become : 

2a : 2a : a 
a: ^a : a 

^ : a : a 

From these values the projection shown in Fig. 361 
is readily constructed. 
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The next example reprebents a rhombohedral com- 
bination occurring on the mineral 
tourmaline (Fig. 362). Its eight forms 
are as follows : 
a. P, I lOiO j (l); CO i>2, } ll20i (s) ; 

"2-H, Ar|022lf (o); Ii',K\3m} (t); 
5', A-f52§l|(M); -2R',k\134:1\(v). 

The zonal relations of these planes 
are manifold, and may be exhibited 
with great distinctnesa upon a linear projection like 
that shown in Fig. 363. 

The third example shows a triclinic crystal whose 
planes are referred to axes of unequal length and ob- 
liquely inclined to each other. The two lateral axes 
intersect at an angle of 131° 33'. The Weiss symbols 
of the planes are as follows : 



// / I " 

I B I 
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A careful consideration of these examples, together 
with what has been said before with reference to th« 
linear projection, will make clear the truth of the fol' 
lowing important points : 
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1. After the supposed sliifting of the planes to a 
positiou where tliej all cut the vertical axis at unity, 
all tautozonal planes will intersect iu a single line 
wbich is the direction ot their zonal axis. But as a 
rule this line intersects the plane of projection in 
a foint, through which all the section-lines of the 
planes belonging to this zoue must pass. Such a point 
on the projection is called a zone-point. 

2. If the ilirection of any zonal axis ia pai'allel to 
the plane of projection, then all the section-lines of 
tliis zone will be parallel, i.e. will intersect at infinity. 

3. All planes which are parallel to the vertical axis 
must be represented by section-lines which pass 
through the central point of the projection. This is 
because the zonal axis for all such planes is the ver- 
tical axis. The (liredion of such lines ia determined 
b}' the relative value of their intercepts on the lateral 

Symbol of any Plane belonging to Two Zones obtained 
by Linear Projection. The linear projection presents 
another ready means of obtaining the symbol of any 
plane lying simultaneously in two zones. The inter- 
section of any two section-lines iu the projection ia 
enough to fix the position of the zone-point of the zoue 
to which they belong. If the two zone-points of tlie 
zouefi in which the unknown plaue lies can be deter- 
mined in this way, its section-line iu tlie projection is 
found by merely connecting them. From the section- 



" The construction of linenr projociions of various cryslnl forms 
shuultl bu mBik' a miitli^r of constant practice by Uie student until 
tlioeulijcct prcstnla no difficulty, and until be can appreciate lUu 
full dgulUcaoce of sucb projcclious at a glaii 
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\'\w thus obtained the sj-mbol of the plane can readily 

1m» dodurod. 

Example. Suppose a plane lies in a zone with the 

planes a : 6 : oo c and 
a : 00 6 : c, and at the 
same time in a second 
zone with the planes 
a:h:c and a : oo 6 : oo c ; 
what is its symbol ? 

The symbol of the 
plane (dotted section- 
line in Fig. 366) must be: 
Ja : 6 : c = a : 26 : 2c. 
This is the same case 
as that solved by the 

other method (p. 243), and the results will be seen to 




Zone- 
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* A few exuini>les for practice are here given. After they have 
l)feii solved by both of tbe above-explaiiied methods other examples 
should be taken uutil the subject is satisfactorily mastered. 

What plaue lies in each of the following pairs of zones ? 



2. 






Weiss's Symbols 






Naumann^s 
Symbols. 


MUIer^s 
Symbols (Indices). 


a : xa : xa 
a : 2<( : 2a 


xa : 
a : 


a : 
2a : 


xa 
-2o 


xOqo : xOoD 
202 : 202 


100 OlOdstzone) 
Sll 211 (2d zone) 


xa : xa : a 
a : xa : xa 


a : 
a : 


2a 1 
a 


xa 
a 


xOqo : x02 
xOoo : 


001 210 
100 111 


xa : xa : a 
a : xa : xa 


a : 
2a : 


2a 
a 


: xa 
: 2a 


coOco : x02 
xOod: 202 


001 210 
100 121 


a : —a : «c 
a : —a : 2c 


a : 

a : 


a 
a 


c 
■ xc 


«P : P 
2P : «P 


110 111 
221 110 


a '. a : 3c 
a : — tt : «c 


a : 
a : 


— 
a 


: 8c 
c 


8P : 8P 
«P : P 


831 881 
no 111 


a, : xo, : —03 : 2c 
2a| : 2a, : —a, : 2c 


2a, : 
a,: 


2a, 
xo. 


; — Os : xc 
. ^ttj* xc 


2P :xP2 
2Pi :«P 


2021 1120 
1121 im 
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Spherical Projeotion. The other method of graphi- 
cally representing tlie relationahipa of crjBtal planes 
mentioned on p. 244) is called spherical or stereograpMc 
projection. The principle upon which such projec- 
tions are constructed may be understood by reference 
to Fig. 367. Suppose that we imagine a crystal — here 




Fio. se7. 
the simple isometric combination of cube and rhom- 
bic dodecfihfidrDu — so placed that ita center coincides 
with the ceut«r of a sphere, while its vertical axis is 
also coincident with the vertical axis of the sphere. 
If lines be drawn from the center of the sphere, nor- 
mal to each of the crystal planes, they will intersect 
the surface of the sphere in points, called the polea of 
the planes. The distribution of the poles A, B, B', C, 
D, D', etc., ou the upper hemispliere, definitely fixes 
the relative pouitioua of the planes u, b, b', c, d, d', etc., 
on the crystal. 
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The arrangement of the poles on the upper hemi- 
sphere is represented on a plane surface as it would 
appear to the eye situated at the lower extremity of 
the vertical axis, E\ in other words, the poles are 
pi'ojecied on the equatorial circle of the sphere, 
BD"AD'"B\ which is called the furvdamefntoL circle, 
(German, Grundkreis). In this way the projection of 
any pole becomes the point of intersection between a 
line joining it with the lower end of the meridian axis, 
Ey and the equatorial circle. Thus the projection of 
the pole I)is 6 ; of />', d' ; etc. The complete spheri- 
cal projection of the combination shown in Fig. 367 is 
given in Fig. 368. 

Too 




100 

Fig. 368. 



A consideration of the above-described example will 
illustrate the following properties of spherical pro- 
jections: 

1. For all crystals with rectangular axes the pole of 
the basal pinacoid j 001 } will occupy the central point 
of the projection. 



£S. Tlie poles of all planes belonging to the prismatic 
zone, i.e. parallel to the vertical axis, will lie in the 
circumfereuce of the fundamental circle. 

3. The poles of all planes belonging ti the same 
zone will fall in the circumference of the same great 
circle {zonal cirde) ; and the same is true of the pro- 
jections of 3uch poles. 

4 All zonal circles whose axes are horizontal ap- 
pear iu the projection as diameters of the fundamen- 
tal circle. 
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5. The angular distance between any two poles or 
their projections, measured on their zonal circle, is 
equal to the tiormal (ingle, or supplement of tlie inter- 
facial augle included between the planes to which the 
poles belong. 

The Iftst-ii 111 lied property of spherical projections 
renders them jiarticularly valuable as aids in crystal- 
lographic calculation, but the details of their api)li- 
cation to this eud, as well as the method of their prac- 
tical construction, must be sought for in larger works. 
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The spherical projection of a crystal admirably es- 
preHHes its symmetry, ae may be seen from the two 
following examples. Fig. 369 is the projection of the 
holobedral hexngoual combination observed on beryl 
(Fig, 370) as described on page 116. The dots -without 
indii-ea are the projections of the poles of the twelve 
fftccs of tlie dihexagonal pyramid, SPJ, j32lli («), 

Fig. 371 shows by spherical projection the relation of 
the phines which commonly occnr on the monoclinic 
feldsjjar, orthoclase (Fig. 372), described on page 166. 




f^^ 
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The CoKSTBircTioK of Cbtstal Fiqubes. 
Method of BepreBenting Crystal Forms. The accurate 
construction of crystal figures is a matter of much 
importance, particularly in connection with descrip- 
tions of crystals of new substances or of such as 
possess unusual or complicated habits. It is custom- 
ary to represent crystals in their ideal development, 
ie. as free from all distortion of form or irregularity 



of growth, nnlesB these possess some pecniiar Bignid- 
cance. 

The parallelism of crystal edges is so important, as 
indicating the existence of zones, that it is most desir- 
able to retain this feature in the crystal figure. For 
this reason ordinary perspective figures are not em- 
ployed, but rather such as represent the crystal at an 
infinite distance from the observer. In this way all 
rays coming to the eye are parallel, and a projection 
is formed wherein all the edges belonging to the same 
zone are parallel in the figure, aathey are on the actnal 
crystal. 

Projections like those here described areof twokinds, 
according as the parallel rays passing from the crystal 
to the eye are normal or oblique to the plane upon 




which the figure is projected. The former are called 
orthographic, and the latter dinographid projections. 

Orthographic Projections. It is customary to con- 
struct orthographic projections of crystals upon a hori- 
zontal plane (which in all systems with rectangular 
axes is the basal pinacoid), while the eye is conceived 
of as at an infinite distance iu the direction of thf 
vertical axis. 
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Thus, Fig. 373 represents the orthographic projec- 
tion upon the basal plane of a complicated crystal of 
topaz, whose vertical clinographic projection is given 
in Fig. 374. The forms of this combination are 
OP, J 001! (P); 00 P, )110[ (itf); ooP2, 1120} (Z) ; 
xP4, ;140!- (70; P, 1111} (o);iP, {112} (w) ; ^P, 
S113{ (0; Pob, ;i01i id); iPob, 1103} (A); fPdb, 
]im\ (..); ^'*, soil} (/); 2Pdb, {021} (y); 4Pdb, 
1 041} (nO; ana2P2, 1121} (r). 

The most ready and convenient way to construct an 
orthographic projection of any crystal is to prepare a 
linear projecticm (p. 244) of all of its forms upon the 
same plane as that selected for the orthographic pro- 
jection. If now the central point of this linear projec- 
tion is connected with the point of intersection of any 
two section-lines, the direction of the edge between 
the two planes corresponding to these section-lines is 
thereby obtained for the orthographic projection. 

It is sometimes desirable to construct orthographic 
projections of monoclinic crystals on the plane of their 
clinopinacoid. When either this or the basal pinacoid 
is selected as the plane of projection .the method of 
l)rocedure is that above given. If, however, it is 
desired to construct an orthographic projection of a 
monoclinic crystal upon a plane perpendicular to the 
vertical axis, the clinodiagonal axis should not then 
be represented at its full length as compared with the 
orthodiagonal, but its length should be a . sin /?. 

If it is desired to construct an orthographic projec- 
tion of a triclinic crystal upon a plane perpendicular 
to the vertical axis, the two lateral axes should be 
made to intersect at the angle included between its 
two vertical pinacoids, while their lengths should be 
proportional to the values a . sin /? and h . sin a^ 
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These values must be employed in making the linear 
projection, from which the orthographic projection is 
derived as above described. 

Clinographic Projections. If the eye, still conceived of 
as at an infinite distance, is not directly in front of the 
crystal, but to one side, then the parallel rays which 
reach it are oblique to the plane of projection and a 
clinographic projection results. 

It is customary to represent crystals by their clino- 
graphic projections drawn in a vertical position with 
the eye turned a certain angular distance {6) to the 
right, and elevated a certain angle (e) above the center 
of the crystal. In this way its right side and top are 
brought into view. Such projections differ from ordi- 
nary perspective figures in having no vanishing point, 
ie. they show as parallel all lines, whatever is their 
direction, which are parallel on the object. They are 
therefore examples of parallel perspective. 

In order to construct a clinographic projection of a 
crystal, it is necessary to know (1) the values of its 
crystallographic constants, and (2) the crystallographic 
symbols of its planes. The first step in the construc- 
tion of the projection is then the preparation of a 
perspective view of the axes, in exactly the position 
desired for the finished figure. 

It is usual to assume such values for the angular 
revolution and elevation of the eye {d and e) as can be 
expressed by a simple ratio between the projected axes, 
when their actual lengths are equal (isometric system). 

The values of the angles d and e are determined as 
cot 6 ^=r, cot € = r«, it being usual to make r = 3 and 
« = 2. In this case we have (,Fig. 375) 

01 : OK' :: 1 : 3 and lA : 10 :: 1 : 2, 
when the value of 6 is 18^ 2G', and of e, 9° 28'. 
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Fr<qection of the Axes for the Isometric Sfrtem. If the 
valuea for r and b be asanmed as above, then the 
method of constmctioii of the 
isometric axes is as follows (lig. 
375) : Draw two lines LL' and 
KK' at right angles to one an- 
other. Make EO = K'O, and 
divide KK' into three eqaal 
) parts. Draw verticals through 
the four points thus obtained 
on KK', and below K' lay off 
K'H=^K'0. Draw j?0, which 
will give the direction of the 
front lateral axis. Its length 
will be that portion of this line included between the 
two inner verticals, A and A'. 

Draw AS parallel to ^'0 and connect the points S 
and 0. From the intersection of this line with the 
inner vertical, T, draw TB parallel to K'K. From 
point, B, thus obtained draw the line BB' through 0. 
This will be the second lateral axis. 

Below K, lay oflf KQ = ^OK and make 00= OC 
= OQ ; then CC will be the length of the vertical axia 
Projection of the Axes for the Tetragonal and Orthorhom- 
bic SystemB. The axes constracted for the isometric 
system may be readily adapted to both the other sys- 
tems with rectangular axes by merely laying off por- 
tions of the lines AA' and CC (Fig, 375), which are 
proportional to the lengths expressed in the axial 
ratios of the crystals to be figured. 

In the case of a tetragonal crystal like zircon, whose 
axial ratio is a : e :; 1 : .64, the two lateral axes remain 
unchanged, while the vertical axis must be made .64 
of the length CC. 
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For an orthorhombic crystal the axis BB^ alone re- 
mains unchanged, while AA and CC are both reduced 
to the proportionate lengths belonging to the substance 
in question. 

Projection of the Monoclinic Axes. To project the in- 
clination, y5, of the clinodiagonal axis, we construct the 
axes as in the isometric system, 
and then lay off Oc= OC . cos /3, 
and on OA^ lay off Oa = 0A\ sin 
/?. From c draw a line parallel to 
OA'j and from a another parallel W 
to OC. From their intersection, a 
line {DD') drawn through will 
give the direction of the clino-axis 
(Fig. 376). The relative lengths 
of the axes must now be determined, according to the 
axial ratio of the substance, as in the orthorhombic 
system. 

Projection of the Triclinic Axes. In this case all three 
axes of reference intersect obliquely h/\c = a, a/\c = /?, 
aAi =y* If we start with the 
isometric axes, the first step in 
their adaptation to the triclinic 
system is to obtain the direc- 
tion of the two vertical axial 
planes * or pinacoids. To do 
this, we lay off on OB, Ob = 
OB . sin (0 being the angle 
00 Poo, IIOOJ A QoP(5b, lOlOJ, 
which is evidently not the same 
as r\ and on OA, Oa= OA. cos (Fig. 377). The line 
drawn from the angle d of the parallelogram adbO 
through will give the direction of the macropina- 
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coidal section, DD\ To obtaiu the direction of the ma- 
crodiagonal axis (6), lay off on 01)\ Od' = Od . sin a ; 
and on 0(7, Oc= 0(7. cos a. From the parallelo- 
gram, d'OcK\ thus obtained, the diagonal, K'K, gives 
the macrodiagonal axis. In a similar manner, the 
brachydiagonal axis (a), HH\ is found by laying off 
on 0A\ Oa'=0^'. sin /?; and upon 00, Od =^ 
00 . cos p. After the axes have been projected in 
their proper directions, their relative lengths must be 
given them in accordance with the axial ratio of the 
substance, just as in the orthorhombic and monoclinic 
systems. 

Projection of the Hexagonal Axes. These may be pro- 
jected in a manner analogous to tli.it given for the 

isometric axes, as explained by 
Dana (see literature references be- 
low). A simpler method is, how- 
ever, as follows: Construct an 
orthorhombic set of axes whose 
axial ratio, a \h \ i, is 

1/3 (= 1.732) \\.b 

(c being given the value of the 
vertical axis belonging to the substance to be drawn) ; 
connect the extremities of the two lateral axes, and, in 
the rhomb thus formed, the obtuse angles, at the ends 
of the h axis, will be exactly 120°. If lines be now 
drawn parallel to i, through points on the axis, «, 
half way between its extremities and the center, o, the 
rhomb will be converted into a hexagon, with all of 
its angles exactly 120°. If we connect the diagonally 
opposite angles of this hexagon, we shall obtain the 
projection of the hexagonal axes required (Fig. 378). 
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Constraction of Crystal Figures upon the Axes. After 
the axes for any particular substance have been con- 
structed according to the methods above explained, 
the next step is to erect upon them the complete clino- 
graphic projection of the crystal whose figure is desired. 
The manner in which this is accomplished is the same 
for all the systems. Such figures consist of a series of 
lines representing in parallel perspective the combina- 
tion-edges between the crystal planes. It is first neces- 
sary to determine the proper direction of each of these 
edges, and then they may be united so as to represent 
the particular combination or habit desired. For the 
latter purpose it is desirable to have as a guide a free- 
hand sketch showing approximately the relative de- 
velopment and distribution of the various planes. 

The simpler forms of each system may be con- 
structed directly upon the projected axes in a way 
which requires no particular explanation. For in- 
stance, connecting the extremities of the axes pro- 
duces the ground-form of the substance to be drawn. 
Vertical lines through the extremities of the lateral 
axes give the fundamental prism, etc. 

This method is, however, not readily applicable to 
the construction of figures of more complex combina- 
tions. Another method is therefore usually emj)l()yed 
for these, which is based upon the use of the liuear 
projection. A complete linear projection of the crys- 
tal to be drawn is first prepared in the ordinary manner 
(p. 244), aud this is then thrown into parallel perspec- 
tive upon the axes by connecting points on the lateral 
axes, which correspond to those so connected on the 
linear projection. When this has Ix^on done, the direc^ 
Hon of any comhinot ion-edge in found by merely connect^ 
ing the point where the two sect io7i-Unes (repreHQiitiufr the 
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planes forming the edge in question) med vdtk the unit 
distance on the vertical axis. The directions of the vari- 
ous edges thus obtained may he combined in the way 
they appear on the crystal. After lengths have been 
assumed for one or two of the lines, according to the 
size of the drawing desired, the lengths of the other 
lines will be determined by tlieir mutual iutersections. 
This method of construction may be advantageously 
illustrated by an example. Required to project in 
parallel perspective a 
crystal of sulphur, 
showing the forms : 
Oi',j001}(c);P,illl{{p); 
, |i*,|113i{s); andPdb, 
, J Oil I (n). The axial 
ratio of this substance 
is 0.813:1:1.904. Pig. 
379 gives an ordinary 
linear projection of 
^"'■^'^- these forms, and Fig. 

the same thrown into perspective upon a set of 
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orthorhombic axes ha\dng the lengths required by the 
axial ratio of sulphur. The shape 
of the basal pinacoid, c, in the 
figure is given by its intersections 
with 5, and it must therefore be 
that of the rhomb, ss's'^s"'. The 
size of this rhomb must be deter- 
mined according to the dimen- 
sions desired for the figure. 

From the right-hand corner of 
the face, c, descend two lines rep- F10.881. 

resenting the combination-edgos of the plane n with 
the front and back, right-hand faces of the obtuse 
pyramid (s and «'). The directions of these two 
edges are obtained by joining the points n and 
n' (the intersections of the section-line of the plane 
n with those of the planes 8 and «') with c ( = 1) 
(Fig. 380). Two lines with these directions should be 
drawn from the right-hand comer of the rhomb c, and 
the length of one of them determined so as to give to 
the face 8 approximately the relative size that it has 
on the crystal. When this is done, the length of the 
other line is determined by its intersection with a 
light line drawn from the lower extremity of the first 
one, parallel to the axis 55". 

In the same manner the direction of the combina- 
tion-edge 5 : s is determined by connecting the point s 
with c ; the edge p : w is obtained by joining p' and e ; 
the edge j:> : p by connecting p and c ; etc., etc. 

It is of course necessary to determine the direction 
of only one edge in a zone, since all otlicr cdg(*s bo- 
longing to this zone must bo parallel to it. Tho n^col- 
lection of this fact will greatly facilitate tho construc- 
tion. 
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The lower half of the crystal figure may be con- 
structed either by joining the same points used in the 
upper half with the lower extremity of the vertical 
axis, or by using the posterior half of the perspective 
linear projection in connection with the upper ex- 
tremity of the vertical axis. 

After a certain amount of practice, complicated fig- 
ures can be rapidly and accurately constructed on this 
principle. To avoid the confusion of too many lines 
in the perspective projection, the axes should be drawn 
in large proportions, and the directions of the edges not 
combined directly upon them,but on one side ; the lines 
being transferred by a parallel ruler, or by a ruler 
and triaugle, to another part of the paper. It is also 
desirable to draw the finished figure somewhat larger 
than the size intended for reproduction, and to have 
it subsequently reduced by photo-engraving. If the 
linear projection is very complex, it is not necessary 
to transfer it entire to the axes, but only such a 
portion of each section-line as, by its intersection 
with other lines, will give the zone-points required. 

Construction of Figures of Twin Crystals. This de- 
pends entirely upon securing two sets of axes, one of 
which occupies a position as though it had been re- 
volved 180° about a line normal to some given plane 
(the twinning plane). Suppose (Fig. 382) that abc rep- 
resent the relative lengths of the axes, and XYZ the 
position of the twinning plane. It is required to con- 
struct a normal from to the plane XYZ. From X 
draw XL parallel to ac ; and from if, ZH parallel to ac. 
Construct the parallelogram OLDH and draw OD. 
In the same manner draw YL' and ZK, both parallel 
to 6c, and construct the parallelogram OL'FK. Draw 
OF. If from the two points 7? and S straight lines 
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be drawn to tlie opposite angles of the triangle XYZ, 




then their iptersectiou, P, will be the point of emer- 
gence of a normal from to the plane XYZ. 

If now OP be prolonged to double its length at P' 
(Fig 383), and if this point be connected with X, Tand 
Z, then the lines P'X, P'Y, 
and P'Z are the axes in the 
twinning position required, and 
of lengths corresponding to 
the parameters of the plane 
XYZ. To reduce them to unit 
lengths, corresponding to nltc, 
we must draw na', W, and cr' 
all parallel to OP. 

Upon this double set of axes * kih. ass 

the forms behmging to each individual am wmstructed 
in the same manner as has been exjilainnd for simple 
(irystids. ^u'li is drawn entire if penetration twins 




266 APPENDIX. 

are to be represented, and in part if a figure of a con- 
tact twin is desired. 



For the convenience of those desiring fuller informa- 
tion in regard to the construction of crystal figures, 
the following references are appended : 

C. F. Naumann : Lehrbuch der reinen und angewandten 
Krystallographie. Vol. II. 

J. Weisbach : Anleitung zum axonometrischen Zeich- 

nen. Freiberg, 1857. 
C. KXEIN : Einleitung in die Krystallberechnung, pp. 

381-393. Stuttgart, 1876. 
E. S. Dana: Text-book of Mineralogy, Appendix B. 

New York, 1883. 2d Ed. 
Th. Liebisch : Geometrische Krystallographie, Cap. 

IX. Leipzig, 1881. 
V, Goldschmidt: Ueber Projection und graphische 

Krystallberechnung. Berlin, 1887. 
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Acanthite, 153, 227 
Adjustment (goniometer), 28 
Aggregates (crystal and crystal- 
line), 16, 200 
Albite, 219, 229 
Amalgam. 61 
Amorphous substances, 7 
Andaluslte, 153 
Angle fi, 159 
Anorthite, 177 
Apatite, 121 
Aragonite, 208 
Arsenopyrite, 216 
Augite, 218 

Axes, crystallographic, 24^ 47, 
82,105 

of symmetry, 84, 182 

twinning, 204 

zonal, 287 

projection of, 258 
Axial planes, 24, 82, 105 

ratio, 88 

Barium nitrate, 80 
Basal edges, 87 

pinacoid, 90, 114 
Beryl, 116, 258 
Bevelment (of edges), 88 
Boracite, 75 
Boron, 95 

Brachydiagonal axis, 148, 171 
Bi-achydomes, 148, 174 
Brachypinacoid, 149, 174 
Brachyprisms, 148 
Brachypyramids, 147, 172 

Calamine, 48, 157, 207 
Calcite, 180, 214, 215 
Calcium hyposulphite, 175 
Cane sugar, 169 
Center of symmetry, 182 
Centering (goniometer), 28 
Cerussite, 158, 216 



Chalcocite, 151, 217 
Chalcopyrite, 92. 102, 214 
Chrysoberyl, 209 
Classes of crystal forms, deduc 

tion of, 179 
Clinodiagonal axis, 159 
Clinodomes, 168 
Clinopinacoid, 168 
Clinoprisms, 168 
Clinopyramids, 162 
Clino^raphic projection, 257 
Combination, crystal, 86 

oscillatory, 208, 229 
Combinations, isometric, 59, 69, 
74,80 

tetragonal, 98, 99, 102 

hexagonal, 114, 121, 127, 
186, 140 

orthorhombic, 150 

monoclinic, 164 

triclinic, 175 
Composition face (twins), 205 
Compound twins, 208 
Congruent forms, 67 
Constancy of interfacial angles, 

20 • 
Contact twins, 205 
Corrosion of crystal planes, 281 
Copper, 212 
Copper sulphate, 176 
Crystal (def .), 1 

figures, construction of, 261 

form (def.), 35 
types of, 86 

growth, 10 

habit, 11 

series, 92 

systems, 48 
Crystallizing force, 9 
Crystal lographic axes. 24 

constants, 144, 159, 171 

notation, 27 
Crystallography (def.), 3 
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Cube, 56 

Curvature of crystal planes, 280 

Cyclic twins, 208 

Dana*s system of crystallogi-aphic 

notatioo, 29, 127 
Diamond, 207, 230 
DidodecahedroD or Diploid, 67 
Diagonal axes (isometnc), 47 
Dibexagonal prism, 114 
Dibexagonal pyramid, 109 
Diopside, 166 
Dioptase, 140 
Distbeue, 220 
Distortion, 13, 225 
Ditetragonal prism, 90 

pyramid, 87 
Ditrigonal prism (hexagonal), 

134 
Dodecabedron, rbombic, 55, 177 

pentagonal, 68 

tetrabedralpentagonal, 78 
Dodecants, 25, 105 
Dolomite, 230 
Domes (def.). 36 

brachy, 148, 174 

clino, 163 

macro, 148, 174 

ortbo, 163 

Euantiomorpbous forms, 66 
Epidote. 167, 218, 222 
Epsom salts, 156 

False planes, 232 
Fergusonite, 99 
Fixed forms, 57 
Fluorspar, 212, 226 
Fundamental circle, 252 

form ( = ground-form), 47, 
83,106 

Galena, 61, 231 
Garnet, 61 
Gold. 226 
Goniometer, 21 
Gypsum, 206, 230 
Gyroidal bemibedrism (isomet- 
ric), 63 

Habit of crystals, 11 
Hematite, 130, 206 



Hemibedrism (def.), 39 
gyroidal (isometric), 63 
pentagonal (isometric), 66 
tetrabedral (isometric), 71 
trapezobcdral (tetragonal), 

97 
pyramidal (tetragonal), 98 
sphenoidal (tetragonal), 100 
trapezobednd (hexagonal), 

118 
pyramidal (bexagonal), 119 
rhombobedral (hexagonal), 

122 
sphenoidal (orthorbombic), 

155 
monoclinic, 167 

Hemihedrons (def.), 40 

apparently holohedral, 64, 
68,73 

Hemimorpbism (def.), 42 
tetragonal, 103 
bexagonal, 140 
ortborboinbic, 156 
monoclinic, 168 

Hemi-ortbodomes, 163 

Hemi- pyramids, 162 

Hexagonal system, 45, 104 

Hexahedron ( = cube), 56 

Hexoctabedvon, 51 

Hextetrabedron, 71 

Holohedral, 40 

Holohedron, ^ 

Hypei-stbene, 154 

Icositetrabedron, 55 

pentagonal, 63 
Ideal crystal forms, 14 
Inclined-face hemibedrism, 42, 

69 
Inclusions, 233 
Indices, 26 

of a zone, 239 
Individual crystals, 16 
Integrity of zones, 241 
Intermediate axes and planes of 

symmetry, 82, 106 
lodosuccimmide, 103 
Iron vitriol, 165 
Isometric system, 44, 46 
Isomorpbous grov^rths, 201, 221 

Juxtaposition twins, 205 
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E^aleidoscopic character of crys- 
tal forms, 196 
Keroal crystals, 13 

Levy's system of crystallograph- 

ic notation. 32 
Limiting elements of crystals, 18 
Limiting forms, 57, 76, 91, 114, 

150, 164. 175 
Linear projection, 244 

Magnetite. 226 

Malacbite, 217 

Marcasite, 216 

Merohedrism, 39 

Mica, 219 

Miller's system of crystallo- 

graphic notation, 30 
Mimicry. 209 
Models of crystals, 12, 16 
Molecular arrangement, 5 
Molecules, 4 
Monocliuic system. 45, 158 

Naumann's system of crystallo- 

grapbic notation, 29 
Nepheline, 141 
Nickel sulphate, 95 
Notation, system of Dana, 29 

Levy, 32 

Miller, 30 

Naumann, 29 

Weiss, 27 

Octahedron, 56 
Octant, 25 
Ogdohedrism, 195 
Olivine, 161, 154. 231 
Oscillatory combination, 203, 229 
Orthoclase. 166, 167, 206, 208. 

218. 254 
Orthodiagonal axis, 159 
Ortbodomes, 163 
Orthographic projection, 255 
Orthoprisms, 163 
Orthopyramlds, 162 
Ortborhombic system, 45, 142 

Parallel-face bemibedrism, 42, 69 
Parallel growtbs, 202 
Parameters, 25 
P&rtial crystal forms, 39, 116 
Penetration twins, 206 



Pentagonal dodecahedron, 68 

bemibedrism, 66 

icositetrabedron, 63 
Pbenacite, 140 
Pinacoid (def.), 36 
Planes, crystal, 11 

of symmetiT. 32 

twinning, 204 

vicinal, 26, 230 
Polar edges, 87 
Poles of planes, 251 
Polianite. 94 

Polysyntheiic twins, 208, 229 
Potassium chloride, 226 
Prisms (def.). 36 

first order, 90, 114 

second order, 90, 114 

tbird order. 98, 120 
Projection, 243 

linear, 244 

plane of. 244 

spherical, 251 
Psendosymmetry. 92, 225 
Pyramid (def.), 36 

first order. 88, 112 

second order, 88, 112 

tbird order, 98, 119 
Pyramidal bemibedrism (hex- 
agonal). 119 

(tetragonal), 98 
Pyrite, 68. 70, 212, 226, 227, 229 
Pyritohedron, 68 
Pyroxene. 168 

Quartz. 137, 215, 230 
Quercite, 168 

Realgar, 166 

Rhodonite, 176 

Rhombic dodecahedron, 55, 177 

section, 220 
Rhombobedral bemibedrism, 122 

tetartobedrism. 137 
Rhombobedron, first order, 123 

second order, 138 

tbird order, 137 
Rutile, 208, 213, 222 

Sal ammoniac, 226 
Scalenobedron (hexagonal), 123 

(tetragonal), 101 
Scapolite, 99 
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SchUlerization, 235 

Section -Hue. 244 

Simple mathematical ratio, law 

of, 26 
Sodalite, 212 
Sodium chlorate, 80 
Sphene, 166 
Sphenoid (orthorhombic), 155 

(tetragonal), 101 
Sphenoidal hemihedrism (ortho- 
rhombic), 155 

(tetragonal), 100 
Spherical projection, 251 
Spinel. 205. 212 
Staurolite, 217 

Stereographic projection, 251 
Stolzite, 99 
Striation, 228 
Struvite, 157 
Sulphur. 152, 262 
Supplementjuy twins, 207 
Symmetry (def.). 33 

grade of. 33 

law of, 33 

plane of, 32 
Symmetry of a crystal plane, 43 
Systems, crystal (def.), 43, 44, 
194 

isometric, 46 

tetragonal, 81 

hexagonal, 104 

orthorhombic, 142 

monoclinic, 158 

triclinic, 170 

Tautozonal, 238 
Tetartohedrism (def.), 40 
Tetragonal system, 44, 81 

tiapezohedron, 97 

sphenoid, 101 

tristetrahedron, 72 
Tetrahedral hemihedrism, 71 

pentagonal dodecahedron, 
78 
Tetrahedrite, 207, 212 
Tetrahedron, 78 



Tetrahexahedron, 52 
Tetra-p>[ramid, 173 
Titanic iron (ilmenite), 222 
Topaz, 151, 256 
Tourmaline, 141, 247 
Trapezohedral hemihedrism 
(hexagonal), 118 

(tetragonal), 97 
Trapezohedral tetartohedrism 

(hexagonal), 133 
Trapezohedron (hexagonal), 118 

(tetragonal), 97 

(trigonal), 133 
Triclinic system, 45, 170 
Tingonal axis (isometric), 47 

prism, 135 

pyramid, 135 

trapezohedron, 133 

tristetrahedron, 72 
Trilling, 207 
Trisoctahedron, 54 
Tristetrahedron, 72 
Truncation, 38 
Twins, 201,204 

Unit pyramids, 89 
Urea, 102 

Vesuvianite, 95 
Vicinal planes, 26, 230 

Weiss's system of erystallo 

graphic notation, 27 
Witherite, 209 

Zinc blende, 75, 212 
Zincite, 141 
Zircon, 213 
Zonal circle, 253 

equation, 241 
Zone control, 240 
Zone-point, 249 
Zones, 237 

axes of, 238 

indices of, 239 

integrity of, 241 
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^^Shouldfind a place in every college and public library, ^-^'^'Sio^ TRANSCRIPT. 

KERNER'S NATURAL HISTORY 

OF PLANTS. 

Translated by Professor F. W. Oliver, of University College, 
London. A work for reference or continuous reading, at once 
popular and, in the modern sense, thoroughly scientific. With 
i6 colored plates and looo wood engravings. Four parts. 4to. 
Cloth. $15.00 «^/. 

The Nation: "The author evidently planned at the outset to take every attractive 
feature of plants oC- all grades, and place these attractive features in the very best light. 
For this purpose he has skillfully employed a brilliant style of exposition, and he has not 
hesitated to use illustrations in black and in color with the freest hand. The purpose has 
been attained. He has succeeded in constructing a popular work on the phenomena of 
vegetation which is practically without any rival. The German edition has been accepted 
from the first as a useful treatise for the instruction of the public ; in fact, some of its illus- 
trations have been taken bodily from the volumes by museum curators, to enrich exhibi- 
tion cases designed for the people. With two exceptions, the full-page colored plates 
leave little to be desired, and might well find a place m every public museum in which 
botany has a share. Most of the minor engraving^^are unexceptionable. They are clear, 
and almost wholly free from distracting details which render worthless so many illustra- 
tions in popular works on natural history. Professor Kerner's style in German is seldom 
obscure — it is what one might fairly call easy reading; but it is no disparagement to him 
and his style tostate that the translation is clearer than the original throughout. . . In the 
first two issues the author was enj^aged chiefly with the study of the structure of the plant, 
and its adaptation to its surroundings. In this concluding volume he considers the plant 
from the point of view of its relation to others. Therefore he begins with a full and ab- 
sorbingly interesting accountof reproduction in the vegetable kingdom, and then passes to 
an examination of species. . . With this book, there is no excuse for even busy people to 
be ignorant of how the other half, the plant-half, lives.'* 

Botanical Gazette : *' Kerner's work in English will do much toward bringing modern 
botany before the intelligent public. We need more of this kind of teaching that will 
bring those not professionally interested in botany to some realization of its scope and 
great interest " 

Professor J. E. Humphrey : *' It ought to sell largely hereto colleges and public libra* 
ries, as well as to individuals, and lean heartily commend it.'* 

John M. Mac/arlane^ Professor in University of Pennsylvania : " It is a work that 
deserves a wide circulation." 

Professor John M. Coulter in The Dial : ** It is such books as this that will bring 
botany fairly before the public asa subject of absorbing interest ; that will illuminate the 
botanical lecture-room; that will convert the Gradgrind of our modern laboratory into a 
student of nature." 

New York Times : ** A magnificent work, with its careful text and superb illustrations. 
The whole processof plant life is explained, and all the wonders of it." 

The Critic : *' In wonderfully accurate but easily comprehended descriptions.it opens 
to the ordinary reader the results of botanical research down to the present time.' 

The Outlook : '*. . . For the first time we have in the English languagea great work 
upon the living plant, profound. In a sense exhaustive, thoroughly reliable, but in language 
simple and beautiful enough to attract a child. . . Theplatesare most of them of unusual 
beauty. Author, translator, illustrators, publishers, have united to make the work a 
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KINGSLEY'S 

ELEMENTS OF COMPARATIVE 

ZOOLOGY. 

By J. S. KINGSLEY, Professor in Tufts College. 
▼" + 357 PP- i^mo. $1.2?, net. 

This book undertakes to combine laboratory work, on the 
most approved method, with a sufificient aniount of descriptive 
text to meet the requirements of schools and colleges that have 
a limited time for the subject and desire to give tiie beginner 
an outlook over the general field together with some training 
in the true scientific method of study. Simple laboratory 
guides abound, but without some interpretation of anatomical 
facts and some account of the actual, living world of zoology, 
the dissection of a few forms in the laboratory, however valu- 
able in itself, fails to accomplish the educational results that 
are possible even in a short course. 

Empliasis is laid on the comparative feature of the book. 
Not only are the observing powers of the learner trained, in the 
laboratory work, by questions, wherever feasible, instead of 
direct information, but his thinking powers also are cultivated 
by attention to the correlation of facts. When the student has 
answered the questions under the headings " Comparisons*' he 
has a tolerably complete statement of the principal characters 
of the animal kingdom. 

In the selection of types to be studied in detail, those most 
readily obtainable in all parts of the country have been as a 
rule preferred. The half-dozen marine forms included can be 
had at a slight expense. Since very few schools and not all 
colleges can afford a complete equipment of compound micro- 
scopes the laboratory work has been made largely macroscopic 
in character. 

The account of classification is comprehensive and at the 
same time judiciously selective. The mind of the student is 
not overburdened with meaningless details or with a confusing 
array of species and varieties that have no particular interest. 
The purpose is rather to give a general intelligent view of the 
animal kingdom. 
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R. H. Cornish, Girh' High 
School^ New York City : — This 
book seems very clear-cut in its 
plan and a very good combination 
of laboratory manual and descrip- 
tive zoology. [Introduced.] 

B. F. Eycr, Topeka (Kan,) 
High School: — I am more than 
pleased with Kingsley's Zoology. 
I have never seen a better one 
that embodies both the text-book 
and the laboratory idea. 

George Macloskie, Professor in 
Princeton University : — It comes 
nearer to being the ideal text- 
book for beginners in zoology than 
any oiher book known to me. [In- 
troduced.] 

D. S. Kellicott, Professor in 
Ohio State University ^ Columbus: — 
This one, I have no hesitation in 
saying, is the best thus far for high 
schools. Of course its matter is 
reliable and up to date. 

E. B. Wilson, Professor in Co- 
in f ulna University ^ Nev, York 
City: — Kingsley's book is very 
elementary, but I think is planned 
along the right lines. 

Grace F. Ellis, Central High 
School^ Grand Rapids^ Mich.: — I 
have no hesitation in saying that 
I like it better than any other text 
with which I am acquainted for 
high school work. Its outlines 
for laboratory work are excellent 
and the suggestions to teachers 
unusually practicable. 

H. V. Neal, Professor in Knox 
College^ Galesburg, III,: — I like the 
book so well that I have sent 
through my booksellers for copies. 
I shall use the book in my classes 
in zoology in Knox Academy this 
year. The advantages of a book 
such as this, combining directions 
for laboratory work with com- 
parative descriptions of related 
animal types, are obvious. The 
clearness and conciseness of the 
work indicates some of Dr. Kings- 
ley's remarkable qualities as a 
teacher. [Introduced.] 



H. F. Osborn, Professor in Co- 
lumbia University ^ New York 
City : — I have no doubt we shall 
find it a very excellent work, and 
if it is possible to adopt it I shall 
take pleasure in doing it, as I 
have a high regard for Prof. 
Kingsley. 

Charles L. Edwards, Professor 
in the University of Cincinnati : — 
The lucid treatment with freedom 
from padding, the new illustra- 
tions, and the addition of a labora- 
tory guide make the book for 
beginners the best comparative 
zoology I know of. 

C. C. Nutting, Professor in the 
State University of Jowa^ Iowa 
City : — It avoids one of the chief 
demerits of several similar works 
in giving no more than ought to 
be attempted in high-school work. 
I like the arrangement of the 
text, and am particularly pleased 
with the systematic summary at 
the end of the work in each large 
group. 

Sidney I. Smith, Professor in 
Yale University : — The plan of 
asking questions to be answered 
by examination or dissection of 
animals themselves is, 1 think, a 
great improvement on the usual 
directions for dissection without 
questions. For a course of in- 
struction similar to that proposed 
it is the best text-book with which 
I am acquainted. 

S. H. Gage. Professor in Cornell 
University: — 1 have looked it over 
with much pleasure. Dr. Kings- 
ley's training and original work 
would lead one to expect a good 
book, and this seems to fulfil the 
expectations. 

L. C Wooster, State Normal 
School, Emporia, Kans. : — It takes 
up the subject just as I have been 
trying, without any one text to 
aid, to do for the past four or five 
years. The book must prove a 
valuable aid in the study of zool- 
ogy in secondary schools. 
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Julius Nelson, Professor in 
Eutge-^s Co liege y New Brunswick, 
N* J : — I have examined it 
throughout and am pleased to see 
that the author has shown peda- 
gogical insight in the arrange- 
ment of the matter. ... It is a 
happy stroke of the author to 
compromise in this issue by be- 
ginning with the fishes and work- 
ing up. and then presenting the 
invertebrates in a descending 
scale. [Introduced.] 

Sarah L. Abbott, Chelsea{Mass, ) 
High Sc/iool : — I thoroughly be- 
lieve in the comparative method 
of study set forth in its pages, 
both as the surest way of securing 
habits of careful and intelligent 
observation on the part of the 
pupils, and of leading naturally 
to a group of the modern theories 
of evolution, without some knowl- 
edge of which no study of the 
development of physical and 
mental life is complete. The 
illustrations, too, are of the most 
helpful nature. I have found 
no recent elementary Zoology so 
suggestive. 

J. T. Johnson, High School, 
Galesburg, III, : — I have examined 
your Kingsley's Elements of Com- 
parative Zoology and am free to 
say that I am very much pleased 
with it. I think that much wis- 
dom has been shown in the selec- 
tion of subject-matter since the 
scope of work covered by this 
grade must, necessarily, be brief. 
The laboratory feature is highly 
commendable. 

L. J. Rettger, Indiana State 
Normal School, Terre Haute, Ind.: 
— I shall soon have a class suited 
to that book, and I shall examine 
it practically by attempting its 
use in that class. 

Francis E. Lloyd, Professor in 
the' leachers College, New York 
City : — I regard the book as a de- 
cided improvement upon most of 
the shorter text-books, if not all. 



Aubrey B. Call, Peterbo.o (N. 
H.) High School: — I especially 
like the plan. The systematic 
part is a valuable addition to a 
laboratory manual, and with the 
help of the "Comparisons" will 
enable the student to obtain abet- 
ter idea of the relationship of the 
various groups than is usually ob- 
tained. 

John P. Campbell, Professor in 
the University of Georgia, Athens : 
— It appears to me to be a book 
peculiarly well adapted for be- 
ginners, in that it does not tell 
them too much about what they 
ought to observe for themselves, 
and it is particularly valuable in 
leading the student to compare 
and bring together facts which he 
has himself observed. 

W. L. Pot eat. Professor in 
Wake Forest College, N. C. .—It 
is a first-rate book for the begin- 
ner in zoology. The combination 
of the laboratory manual and the 
general outlines of the science is 
a capital idea. It is precisely 
the plan of my own ten months' 
course, though the order in which 
types are taken up is different. 
I am pleased to observe that, in 
the laboratory directions, the 
author does not overburden and 
discourage the student by multi- 
plicity of details. He appears to 
me to have shown equal judg- 
ment in the treatment of the gen- 
eral part of his task. And I like 
the illustrations. Thev don't 
make the picture-book impres- 
sion. 

H. V. Wilson, Professor in the 
University of North Carolina, 
Chapel Hill : — Am pleased with it. 
I should think that high-school 
teachers especially would find it a 
useful book. 

Aven Nelson, Professor in the 
University of Wyoming: — I like 
it so much that I have decided to 
try it with my elementary class 
next year. 
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